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indicate the complexity of the complete characterization of
the wireless channel pointing out the importance of simple
approximate approaches.
Despite their complexity two–dimensional models fail to
describe any signal variations in the vertical plane. However
as long as the spatial correlation properties of the received
signal depend on the signal angular spreading, description of
vertical spreading of the waves is particularly important
especially when vertical or planar arrays are used. A non–
zero elevation AoA is quite common in urban areas when
the propagating wave reflects off vertical structures like hills
or buildings. Several researches have observed spreading of
the waves in the elevation plane; see [15-16] for example.
The first model that recognizes the 3–D nature of the waves
spreading has been proposed thirty years ago by Aulin, [17],
introducing an additional nonzero elevation angle for the
incident waves. There signals arriving at the mobile were
assumed uniformly distributed within

( 0, 2π ]

parameters which evaluate the coherence and dispersion
properties of the radio link. However the computational cost
of ray tracing techniques still remains their major drawback.
Proposals in [25-26] approach the problem of spatial AoA
pdf derivation differently. The mobile is assumed to be
surrounded by scatterers forming a spheroid, [25], and a
half–spheroid, [26], surface allowing the derivation of
closed–form pdf expressions. Their simplicity makes them
very useful for the performance evaluation of a wireless
communication system in a macrocellular environment. A
similar approach suitable for microcellular and picocellular
systems is adopted in [27]. In this, scatterers are assumed to
be randomly located around and between both BS and MS
within a spheroid. The geometrically based elliptical model
is proposed in [28] and extended in [29] for wideband
multiple–input multiple–output (MIMO) channels allowing
the derivation of analytical expressions for the 3–D space–
time cross–correlation, temporal autocorrelation and
frequency correlation functions.
In this paper a brief introduction in the basic principles
of geometric modeling and its application in the
characterization of the wireless propagation medium are
given. The main objective of the paper is the presentation of
the key ideas of the method accompanying with illustrative
examples that exhibit the characteristics, advantages, and
potential applications of the method. The study is focused on
three characteristic proposals used for the description of
macro– and microcellular wireless systems in the two and
three dimensions. Owning to text size limitation we will
examine the reverse link only, however similar approaches
may be used in the downlink also. The paper is organized as
follows: In the next Section the basic principles and
assumptions of geometrical modeling are presented. In
Section III three well–known geometric models, the 2–D
Geometrical–Based Single Bounce Macrocellular (2–D
GBSBM), [3-5], also known as circular scattering model, the
elliptical scattering model, [5], and the 3–D spheroid model,
[25], are extensively described. Results and discussions are
provided in Section IV. Finally, Section V concludes the
paper.

while a

particular non–uniform pdf was proposed for the elevation
angle obtaining closed–form expressions of the temporal
autocorrelation function and the Doppler power spectral
density. However the model was characterizing from an
unrealistic flatness especially at high Doppler frequencies.
The problem was partially solved in [18-19] where a more
realistic pdf expression for the vertical AoA was suggested
while various parameters affecting the cross correlation
between antennas, e.g. the direction of motion, the BS
antenna height, the radius of the scattering center, and the
length of the test route were used in the calculations.
Unfortunately in these models the temporal autocorrelation
function and the Doppler power spectral density had no
more analytical solutions. An extension of these ideas was
presented in [20] where a generalization of Jakes model,
[21], that produces the desired spatio–temporal
characteristics incorporating the ideas proposed in [17-19],
takes place yielding a more realistic description but
implementing far more complexity. These models assumed
specific scatterers geometry while the crosscorrelation
function between two sub–channels was not expressed
analytically. A further development of the previous ideas is
presented in [22] where the crosscorrelation function is
formulated as a function of the spatial separation of
antennas, time, and carrier frequencies in terms of physical
channel parameters such as mobile speed, delay profile and
scatterers distribution around both BS and MS providing us
with a better understanding of the complicated nature of the
non–isotropic propagation media. However, only if exact
results are required the models complexity and the
computational cost of the algorithms are worthwhile. Their
direct realization in software or hardware is also extremely
difficult. In any case, the outcome of a model should be
interpreted taking into account the required accuracy.
This is the main reason why models such the ones
presented in [23-29] have been proposed. In [23] a 3–D
deterministic simulation model that takes into account both
temporal and spatial channel characteristics is presented.
Based on given theoretical reference models, its parameters
are calculated by the Lp–norm method, [30], enabling the
emulation of the received signal with any given pdf of the
spatial AoA reducing complexity. A different approach is
followed in [24] where the spatio–temporal characteristics of
a channel in urban environment are found based on 3–D ray
tracing techniques, [31]. This non statistical spatio–temporal
characterization of radio channels thanks to the characteristic
function of the channel can provide us with all the wideband

2. Geometric Modeling: Basic Principles and Assumptions
Geometrically based statistical channel models are defined
by a spatial scatterer density function, [32]. These models
are useful for both simulation and analysis purposes. Use of
these models for simulation involves randomly placing
scatterers in the scatterer region according to the form of the
spatial scatterer density function. From the location of each
of the scatterers, the Angle–of–Arrival, Time–of–Arrival,
and signal amplitude may be determined. From the spatial
scatterer density function, it is possible to derive the joint
and marginal AoA and ToA probability density functions.
Knowledge of these statistics can be used to predict the
performance of an adaptive array. Furthermore, knowledge
of the underlying structure of the resulting array response
vector may be exploited by beamforming and position
location algorithms. The shape and size of the spatial
scatterer density function required to provide an accurate
model of the channel is subject to debate. Validation of these
models through extensive measurements remains an active
area of research. Geometric modeling has been deployed for
both the 2–D and the 3–D space providing adequate results
and a physical insight of the channel properties.
76
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Fig. 1, multiplied by the scatterers density within the circle,
i.e.:

Derivation of the geometric models is based on a serious
of assumptions. Based on the assumptions made the models
can be used for macro–, micro–, or picocellular systems, for
environments with various BS and MS antenna heights, and
for narrowband or wideband systems, see [26], [32-33] for
details. Common assumptions refer to the shape of the
scatterers region, their density function within it, the number
of scatterers each propagation path between the mobile and
the base station reflects of with the influence of others
assumed to be negligible, and the BSs and MSs antennas
directivity patterns, [34], and heights. A few more common
assumptions imply that each scatterer behaves as an omni–
directional lossless reradiating element, independent of other
scatterers, or refer to the scattering coefficients values and
their phases. For simplicity polarization effects are usually
overlooked.

φ

r22 − r12
dβ
2
0

Fc (φ ) = f area ∫

3. The Circular, the Elliptical and the Spheroid Model:
Three Typical Geometrical – based Scattering
Approaches

Fig. 1. Geometrical configuration of the circular (2–D GBSBM)
channel model.

In this Section an analytical description of the characteristics
and the mathematical formulation of three well–known
geometrical–based scattering models, the circular, the
elliptical, and the spheroid one, that describe the statistics of
the AoA of the multipath signals at the base station are
presented. The elliptical model describes also the statistics of
the ToA. The first two models describe signal variations in
the azimuthal plane only. In the spheroid model both
azimuthal and elevation coordinates are considered.

where

f c (φ )

corresponding

Fc (φ )

distribution

function

f area =

are given by
(2)

1
π R2

(3)

The pdf of the AoA is the derivative of the cdf with
respect to φ . From (1)-(3) comes that

f c (φ ) =
where

2

2D
⎛D⎞
cos (φ ) 1 − ⎜ ⎟ sin 2 (φ ) ⋅ Π (φmax − φ
πR
⎝R⎠

Π ( x)

is the unit step function and

φmax

)

(4)

is (due to

the confinement of the scatterers within a circle around the
mobile) the maximum AoA of a multipath component at the
BS given by:

φmax = sin −1 ( R D )

(5)

The model predicts a relatively high probability of
multipath components with small excess delays along the
line–of–sight (LOS). From the BS perspective, all of the
multipath components are restricted to lie within a small
range of angles. The appropriate values for the radius of
scatterers can be determined by equating the angle spread
predicted by the model with measured values. Measurements
reported in [35] suggest that typical angle spreads for
macrocell environments with D close to 1km lie between
two to six degrees. In [32] it is stated that the angle spread is
inversely proportional to D which leads to a radius of
scatterers that ranges from 30 to 200m. In [36] also it is
reported that the active scattering region around a mobile is

(cdf),

. Since the scatterers are uniformly distributed

Fc (φ )

r2

while the scatterers density is

within the scattering circle the area within the shaded region
is proportional of the AoA of the multipath components. As
a result

and

i

is calculated as the derivative of the

cumulative

r1

ri ≡ ri ( β ) = D cos β + ( −1) ∓ R 2 − D 2 sin 2 β , i = 1, 2

Circular model:
The circular model, [3-5], also known as 2–D GBSBM is
probably the simplest two–dimensional geometrical–based
statistical single bounce model. It considers the scatterers
uniformly distributed within a circle of radius R around the
mobile unit. The signals received at the base station are
assumed to be plane waves arriving from the horizon, and
hence the AoA calculation includes only the azimuthal
coordinate. It also considers that these signals have
interacted with only one scatterer in the channel with the
influence of others assumed to be negligible (single bounce
model). Also the mobile antennas radiation patterns are
omni–directional and the scatterers are assigned equal
scattering coefficients with uniform random phases. Under
these assumptions the model is suitable for macrocell
environments where antenna heights are relatively large,
[32].
The model is illustrated in Fig. 1. The base station,
marked as BS, and the mobile station, marked as MS, are
separated by a distance D > R . The location of each
scatterer is marked as S. Although only one scatterer is
shown in the figure, it is considered that there are many of
them uniformly distributed within the scattering circle.
In this model the pdf of the AoA of the multipath
components

(1)

equals to the area of the shaded region, see
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about 100–200 wavelengths for 900 MHz, which provides a
range of 30–60 m, roughly the width of wide urban streets.

However in this paper only the first case will be presented,
see [5] for the forward case.
In the model the joint AoA/ToA pdf is calculated as a
function of the angle φ and the delay τ . The formulation
used is based on the calculation of the Jacobian
determinants, [37], that describe the transformation of the
polar to rectangular coordinates and vice versa. It comes,
[5], that the uplink joint AoA/ToA, marginal AoA, and
marginal ToA pdfs are respectively

Elliptical model:
The assumptions used in the elliptical model, [5], are similar
to these the circular model uses with the exception that
scatterers are uniformly distributed inside an ellipse with
foci at the base station and the mobile unit, see Fig. 2.

y

c 2τ m2 − D 2 ( c 2τ 2 + D 2 − 2 Dcτ cos φ )

f e (φ , τ ) =

A

f e (φ ) =
φ

B

φ
BS

MS

S

f eτ (τ ) =

x

Fig. 2. The Geometrical Based Elliptical Model.

The axes of the ellipse are
(6)

2 B = c 2τ m2 − D 2

(7)

where

c

is the speed of light,

τm

is the maximum delay

spread associated with scatterers within the ellipse, and D
is the BS to MS distance. The equations that describe the
ellipse with respect to the BS position are respectively in
Cartesian and polar coordinates the:
2

(c τ

2 2
m

− D2 )

3

D⎞
⎛
⋅ Π ⎜τ − ⎟ ⋅ Π (τ m − τ )
c⎠
⎝

32

2π cτ m ( cτ m − D cos φ )

(11)

2

2c 2τ 2 − D 2

τm

D⎞
⎛
⋅ Π ⎜τ − ⎟ ⋅ Π (τ m − τ )
c⎠
⎝
c τ τ + D − c D (τ + τ )
4 2 2
m

4

2

2

2
m

(8)

r = 2 B 2 ( 2 A − D cos φ )

(9)

(12)

2

2

⎛ x−D 2⎞ ⎛ y ⎞
⎜
⎟ +⎜ ⎟ =1
⎝ A ⎠ ⎝ B⎠

(10)

Spheroid model:
The models already presented assume an azimuthal wave
spreading only. However this assumption is sometimes far
from reality. A commonly used 3–D model is the spheroid,
[25], used for the description of the AoA of the incoming
multipaths in both BS and MS in a macrocellular
environment when the MS antenna height is low compared
to the BS one and multipath components can arrive from
both horizontal and vertical directions to the receiving
antennas.
n the spheroid model, see Fig. 3, scatterers are
distributed uniformly around the MS within a half–spheroid
region with semi–axes lengths a and b . The MS is located
at the center of the spheroid at a distance D from the BS.
Its antenna is assumed to be located at ground level for
simplicity. The BS antenna height is h .

D

2 A = cτ m

πτ m ( cτ − D cos φ )

The model is appropriate for wideband microcell
environments where antenna heights are relatively low, [5],
[32]. It has the physical interpretation that only multipath
components that arrive with a maximum delay of τ m are

accounted for while the ones with longer delays are ignored
since they experience greater path loss, and hence have
relatively low power compared to those with shorter delays.
Provided that τ m is properly chosen, the model may account
for nearly all the power and AoA of the incoming
multipaths. Its choice determines both the angle and the
delay spread of the channel. Various methods for selecting
an appropriate value of τ m can be found in literature, see [2]

for example. The assumption of antennas with low heights
allows the consideration that the BS may receive multipath
reflections from locations near both itself and the MS. The
model can be used for both the reverse and the forward link.

Fig. 3. Illustration of the 3–D spheroid model.
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The model can be used in both links. In this paper only
the reverse case will be presented (see [25] for the forward
link). The uplink joint pdf is primarily expressed in terms of
the spherical coordinates

( r , φ ,θ )

of each point of the

where

r 2 cos θ
V

V = 2π a 2b 3

10

ρb1

and

ρb 2

ρ b1 =
b2

fc(φ)

4
2
0
-15

⎛ D2
⎞
3D
cos φ ⎜1 − 2 sin 2 φ ⎟ ⋅ Π ( sin −1 ( a D ) − φ
4a
a
⎝
⎠
φM
−

5

∫ (ρ
φ

f c (φ )

10

15

of AoA of the

incoming multipaths at the BS.

⎛
⎞ ⎛ a2
⎞⎛
a2h
a2h
a2 h2 ⎞
tan θ ∓ ⎜ D cos φ + 2 tan θ ⎟ − ⎜1 + 2 tan 2 θ ⎟⎜ D 2 − a 2 + 2 ⎟
b2
b
b ⎠
⎝
⎠ ⎝ b
⎠⎝
a2
1 + 2 tan 2 θ
b

1
f sθ (θ ) =
2
2π a b cos 2 θ

0

Fig. 4. Circular model: Illustration of the pdf

are given by

and

-5

φ (deg)

In Fig. 5 the maximum AoA of a multipath component in
the azimuthal plane φmax versus ratio D R is presented.

(15)

The maximum angular spread
twice the

)

φmax

Δφ

in the azimuthal plane is

as expected from (4). Only for small

normalized BS to MS distances (mobile close to the BS or
extended scatterers region) the angular spread takes
noticeable values. An increase in D R decreases the value

Integration of (14) with respect to θ and φ gives the
marginal pdfs at the azimuth and the elevation plane
correspondingly. These are expressed as:

f sφ (φ ) =

-10

(14)

2

D cos φ +

8
6

the volume of the half–spheroid.

ρ −ρ
f s (φ , θ ) =
2π a b cos θ
where

D = 20R
D = 10R
D = 5R

12

(13)

3
b1
2

flattens the pdf

14

Finally the pdf is expressed in terms of the angles φ and θ
by integrating (13) with respect to r over all possible
values. It is finally:
3
b2
2

D R

. Decrease in

curve. The pdfs presented here can be used to simulate a
power delay profile (PDA) and to quantify angle spread for a
given D R ratio, [4].

spheroid with respect to the BS. Derivation of pdf uses the
Jacobian of the transformations between the volume
differential in the Cartesian and the spherical coordinates
system, see [25], [37]. It is
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a 2 ⎞⎛ a 2
⋅ ⎢ − 2 h tan θ + ⎜ D 2 − a 2 + 2 h 2 ⎟ ⎜1 + 2 tan 2 θ ⎟ ⎥ ⎟
⎜D ⎢ b
b
⎠ ⎥⎦ ⎟⎠
⎝
⎠⎝ b
⎣
⎝

φM = cos −1 ⎜

φmax(deg)

where
(18)

20
15
10
5

4. Numerical Results and Discussions

0

Due to scattering, multipath components arrive at different
angles from those of the direct one. A common measure of
the channel angular dispersion is the AoA of the multipath
components. Using the models previously described we can
easily calculate the uplink angular spread as well the time
spread and extract a series of useful conclusions.
Fig. 4 shows the pdf of AoA of the incoming multipaths
at the BS as predicted from the circular model for some
sample values of BS to MS distances normalized to the
radius of the scatterers disc. Notice that the pdf is an even
function, as expected from (4), maximized at φ = 0 , and

4

8

12

16

20

D/R
Fig. 5. Circular model: The maximum AoA of a multipath component
at the BS versus D R .

The elliptical model is a 2–D model also, however the
derived pdf includes the time delay. In Fig. 6 the logarithm
of the uplink joint AoA/ToA pdf of the incoming multipaths
at the BS is illustrated. In this example it is D = 1km and
79
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τ m = 5μsec .

words, only on the system geometry and not on the
propagation characteristics, a significant conclusion for
receivers design.

Using (6) and (7) the semi–axes of the

scattering ellipse are found A = 750m and B = 558m .
Note that the joint pdf takes significant values for small
spreading angles and time delays and is symmetric with
respect to φ = 0 . A significant difference between the
elliptical and the circular model is that the joint pdf is not
maximized at φ = 0 (which responds to the axis that
connects BS and MS) but in a small angular distance close to
it. Also incoming multipaths reaches the BS from any angle

fe (φ)

[ −π , π ] .

φ

in the range

1.50

D/τm=c/10

1.25

D/τm=3c/10

1.00

D/τm=2c/3

0.75

D/τm=9c/10

D/τm=5c/10
D/τm=7c/10

0.50
0.25
0.00

-150

-100

-50

0

50

100

150

φ (deg)
Fig. 7. Elliptical model: Marginal pdf

f eφ (φ )

of AoA of the

incoming multipaths at the BS.
1.00

τm=5μsec

τm=10μsec

τ

fe (φ)

0.75

D=1000m

0.50

D=500m

Fig. 6. Elliptical model: Uplink joint AoA/ToA pdf.
0.25

The last comment is easily derived from Fig. 7 where the
marginal pdf

f eφ (φ )

of AoA of the incoming multipaths

at the BS is illustrated for some sample values of
The curves are symmetric with respect to
in

D τm

0.00

D τm .

4

5

6

7

8

9

10

f eτ (φ ) of AoA of the

incoming multipaths at the BS for various

D

and

τm .

Fig. 9 shows the contour plot of the normalized joint pdf
that the 3–D spheroid model predicts for a wireless system
with h = a = D 2 . In order to lower the computational
cost it has been considered that b  a . It is noticed that
the incoming multipaths at the BS from the semicircle of the
scattering disc closer to the BS have lower pdf values. In the
azimuth plane the pdf has a maximum at φ = 0 and is
symmetric with respect to it. In the elevation plane the joint

the elliptical model approaches the circular one. It easily
comes from (6) and (7) that the as the area of the ellipse
decreases contribution of the incoming multipaths tends to

∀φ ∈ [ −π , π ] .

f eτ (φ )

3

Fig. 8. Elliptical model: Marginal pdf

at angles close to the LOS direction. This means that when
the mobile approaches the base station or the maximum
delay increases contribution of incoming multipaths of great
angles increase. On the contrary when the distance between
BS and MS increases or τ m decreases the performance of

In Fig. 8 the he marginal pdf

2

τ (μsec)

φ = 0 . Decrease

flattens the pdf curve and lowers the value it takes

be uniform

1

of ToA of the

pdf has its maximum at

incoming multipaths at the BS is illustrated for some sample
values of D and τ m . The plot shows that there is a high

θ 0 ≅ 20o , while θ BS-MS = 26.6o

( θ BS-MS = cot −1 ( D h ) , the angle that points to the MS). A
series of simulations performed have shown that in any case
it is

density of scatterers with relatively small delays (obviously
it is always τ ≥ D c and τ ≤ τ m ). Similarities are easily

arg max f s ( 0,θ ) < arg max f sθ (θ ) < cot −1 ( D h )

found between the curves. It can easily be proven by
differentiating (12) that arg min f eτ (τ ) = 3D 2c , a

θ

τ

(19)

θ

This is easily explained from the decrease in the number of
scatterers within an area inside the scattering region defined

value that depends on the distance between the BS and the
MS only and not on the maximum delay spread, or in other
80
80
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angular spreading takes smaller values. In this case also, the

from the conical projections with tip the desired BS and
angles

θ , φ , θ + Δθ

, and

φ + Δφ

as

θ

range of values

increases.

f sθ (θ )

is non–zero approaches the

θ = 0 . These conclusions are easily drawn from the system
geometry. It has to be mentioned that for comparable values
of a and b curves are similar to these illustrated in Fig. 11
but the angle spreading is greater. As b increases the

This remark may be quite useful in applications such as
beamforming or location estimation systems, see [38-39] for
example.

minimum value of

θ

for which

f sθ (θ ) ≠ 0

becomes smaller. It can easily be shown that

,

θ min

,

lim θ min = 0 ,
b →a

[25].
160
D=10R, h=0.5R

140
120

80

D=10R, h=R

θ

fs (θ)

100

Fig. 9. Spheroid model: Contour plot of the normalized joint pdf of the

AoA of the incoming multipaths at the BS ( h

= a = D 2 ).

40

Fig. 10 shows some sample pdfs in the azimuth plane for
the spheroid and the circular models (it has been set
R ≡ a ). In both models, the depth of scatterers (extent of
the scattering region along radial lines from the origin)
decreases as

φ

zero height along

φ = φmax

φ =0

D=5R, h=0.5R

D=5R, h=R

20
0

0

2

4

6

8

10

12

14

θ (deg)

Fig. 11. Spheroid model: Marginal pdf of the AoA of the incoming
multipaths in the elevation plane as seen at the BS for various system
geometries.

increases. However, the scatter region for

the spheroid model has maximum height along

60

and

. Because of the combined

5. Conclusions

effects of depth and height, contribution from off–axis
scatterers (i.e., from φ ≠ 0 ) is different for the spheroid
model compared to the 2–D GBSBM.

An overview of the basic principles of geometric modeling
has been presented in this paper. This modeling approach is
useful for general system performance analysis and
simultaneously provides radio engineers with a better
understanding of the propagation medium. A brief review of
a number of spatial propagation channels has been
presented. The study has been focused in the description of
three typical geometrical–based stochastic models, the
circular, the elliptical, and the spheroid one, used for the
description of the AoA and ToA statistics of the uplink
multipaths in a cellular system. In brief the first two are 2–D
models while the third one describes signal variations in
both azimuthal and elevation planes. These models are
interesting proposals providing us with adequate results in
macrocellular, the circular and the spheroid model, and
microcellular, the elliptical one, wireless communication
systems. Illustrative examples have been provided exhibiting
the characteristics of each model. Armed with improved
spatial channel modeling tools and a greater understanding
of signal propagation, engineers can begin to meet the
challenges inherent in designing future high–capacity/high–
quality wireless communication systems, including the
effective use of smart antennas.

Fig. 10. Pdf of the AoA of the incoming multipaths in the azimuthal
plane as seen at the BS: Comparison between spheroid and circular
models.

The elevation plane marginal pdf was evaluated by
assuming that b  a . The results are plotted in Fig. 11 for
various system geometries. Note that as the BS to MS
distance increases or the BS antenna height decreases
.
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