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Abstract

The paper reviews literature on buckling of conical shells subjected to three loading conditions: (i) axial compression
only, (ii) external pressure only and (iii) combined loading. The review is from the theoretical as well as experimental
points of view. This review covers known experiments on cones from (1958 — 2012). The literature review is split
thematically into the following categories: theoretical prediction of axially compressed cones, theoretical prediction of
externally pressurized cones, theoretical prediction of cones under combined loading, buckling experiments on axially
compressed cones, buckling experiments on externally pressurized cones, buckling experiments on cones subjected to
combined loading, buckling experiments on composite conical shells, equivalent cylinder approach, effect of initial
geometric imperfection on the buckling behaviour of cones and effect of imperfect boundary conditions on the buckling

behaviour of cones.
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1 Introduction

Conical shell structures are used as structural components in
engineering applications within aeronautical, marine,
offshore and mechanical industries. They find applications
in pressure vessels, pipelines, offshore platforms, and
transition elements between cylinders of different diameters.
Thin conical shell structures are primarily used in
aeronautical applications where the load carrying capacity is
usually limited by elastic buckling due to their high value of
the radius-to-thickness ratio. Thicker shell structures of low
values of the radius-to-thickness ratio, typically used in
marine and offshore applications, usually buckle or collapse
in the elastic-plastic or plastic range.

In practice, conical shells are subjected to various
loading conditions such as external pressure, internal
pressure, axial compression, bending, torsion, etc., or
combined loading, i.e., axial compression and torsion, axial
compression and external or internal pressure, torsion and
external pressure or internal pressure, etc. Instability of this
structural element is one of the factors that limit the extent to
which the structures can be loaded or deform. As a result,
stability behavior needs to be considered in their design
analysis. For a designer to successfully carry out buckling
analysis of conical shells, it is important to carefully study
and understand the behavior of the shell structure. This
technical challenge has spawned significant research in the
areas of the mechanical behavior of cones subjected to
different loading conditions.
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Conical shells resemble cylindrical shells in their
structural behavior, and this includes buckling. Due to the
complexity in deriving the equations for conical shells, the
concept of equivalent cylinder was introduced. The concept
of equivalent cylinder was independently introduced by
Tokugawa [1]. Tokugawa assumed the meridian of the shell
to be a beam, simply supported at each ends and loaded by
linearly varying pressure. Since the maximum deflection
occurs at around the middle of the beam he proposed the
analysis of the conical frusta to be based on an equivalent-
cylinder with the radius equal to the radius of curvature of
the cone at this maximum deflection point.

The structural efficiency of the cones can be improved
by stiffening them. This usually increases the strength of the
conical shells against structural instability. In Ref. [2], it was
argued that the buckling resistance of a long thin-walled
circular cylinder or cone that was not stiffened, under
uniform external pressure was extremely poor. The most
commonly used stiffener in conical shells is the ring
reinforcement.

This paper presents a comprehensive representation of
different work that has been carried out on the buckling
behavoir of cones subjected to axial compression and/or
external pressure.

2. Buckling of conical shells under various loading
conditions

2.1 Theoretical prediction of axially compressed cones
Seide [3, 4] first derived an expression based on Donnell-
type shell theory for the critical buckling load for an
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axisymmetric mode in a conical shell subjected to axial
compression. Seide’s formula may be written as:
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Thus, the critical buckling load of a cone is the same as that
of a cylinder multiplied by the square of the cosine of the
cone semi-vertex angle. Using Galerkin method for
asymmetric buckling mode, Singer [5], also obtained the
same magnitude of buckling load as given by Ref. [3]. The
effect of prebuckling deformation on the buckling of a
clamped truncated cone under axial compression has been
presented in Refs [6, 7]. In 1970, two independent research
works, by Tani and Yamaki [8] and by Baruch et al [9],
considered the influence of boundary conditions on the
buckling strength of cones subjected to axial compression.
Results from both investigations were in good agreement.
Chang and Katz [10], in their review of the buckling of
conical shells under axial compression, concluded that the
buckling strength is mainly dependent on the condition of
the smaller end of the cone. Plastic buckling of axially
compressed truncated cones was presented in Ref. [11]. In
Ref. [12] a theoretical model was developed to predict the
mean static axial load required to collapse circular cones and
frusta in the concertina form of axisymmetric deformation.
Report on the buckling behavior of stiffened cones under
axial compression can also be found in Refs [13-15].
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2.2 Theoretical prediction of externally pressurized cones
Some of the earliest analyses of stability of conical shells
under external pressure are given in Refs [16, 17]. Taylor
[18], derived a more accurate expression for the total
potential energy and presented an approximation two term
solution for complete cone. In Ref. [19], a simplified set of
differential equations was derived for the buckling of
truncated cones having small angle. A solution, not
restricted to small cone angle, was obtained in Ref. [20]
where modified Rayleigh-Ritz method for slightly different
boundary conditions was adopted. This approximation curve
was similar to that obtained by Singer [21] with relaxed
boundary conditions for loading under hydrostatic pressure
and lateral pressure varying in the axial direction. However
in both of these works, the calculations do not include larger
cone angles. Singer [22] indicated that for larger cone
angles, the single curve should be replaced by a family of
curves. Results of the analysis of reinforced cone-cylinder
intersection are presented by Wenk and Taylor [23, 24].
Reference [25] provides a step-by-step numerical procedure
for estimating stresses and strains in conical shell structures.
Baruch and Singer [26], based on Donnell type equilibrium,
derived stability equations for stiffened thin cones under
hydrostatic pressure.

2.3 Theoretical prediction of cones under combined loading
Investigation into the theoretical analysis of elastic stability
of stiffened and unstiffened conical shells subjected to
combined loading acting simultaneously can be found in
Refs [27-34]. In Refs [27, 28], a theoretical method was
developed and based on modified Donnell type stability
equation for analyzing the buckling of thin conical shells
under combined torsion and external or internal pressure. In
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Ref. [29], the analysis covered cones under combined
external pressure, torsion and axial compression. Refs [27,
29] consider isotropic cones. Moreover, the study of
truncated cones under combined axial compression and
external pressure was presented in Refs [30, 31]. Radkowski
[30], gives the design criteria for the elastic instability of
thin cones, whereas in Ref. [31] energy method was used to
solve the classical eigen-value problem of truncated cones.
Finite difference method solution of Donnell type shell
equation was obtained for truncated cones under combined
pressure and heating, [32]. Similarly, the case of combined
axial load, pressure and heating is discussed in Ref. [33].
Approximate formulae for the elastic-plastic buckling of
geometrically perfect cones subjected to axial compression,
hydrostatic external pressure, or to combined action of axial
compression and internal pressure can be found in Ref. [34].
These expressions have been derived using extensive
parametric studies with no experiments.

2.4 Buckling experiments on axially compressed cones

In 1961, Lackman et al [35], presented early experiments on
elastic buckling of conical shells subjected to axial
compression. Two sets of nickel specimen having cone angle
of 20 and 40 degree, and having constant wall thickness,
were tested using Olsen Universal testing machine. A similar
experiment is described in Refs [36, 37] by Weingarten et al
on Mylar and welded steel cones under axial compression.
Arbocz [38], investigated the effect of cone angle and initial
axisymmetric imperfections on the elastic buckling load of
cones under axial compression. Details about experimental
data on conical shells made by copper electroforming
process can be found in Ref. [38]. Reference [39], details
experiments on elastic buckling behavior of high quality
epoxy cones and the techniques of manufacture. In addition,
El-Sobky et al [40], carried out experiments on buckling of
compressed aluminium frusta, when subjected to axial load
for the case of different end conditions. One of the earlier
studies of plastic buckling of steep truncated cones subjected
to axial compression was conducted by Ramsey, [41]. The
specimens were small 6061-T6 aluminium and 416 stainless
steel with average radius to thickness ratio of 12 for
aluminium shells and 10 for stainless steel shells. Mamalis et
al [42-44], conducted a detailed experiment on the plastic
collapse of conical shells made of different materials under
axial compression. Specimens were made from aluminium
Ref [42], steel Ref. [43], and from polyvinylchloride (PVC)
Ref. [44]. Gupta and Easwara Prasad [45, 46], studied
experimentally the plastic behavior of aluminium conical
frusta for large cone angles under axial compression.
Whereas, in Ref. [47], aluminium cones with smaller cone
angle were investigated. The effects of rolling and stationary
plastic hinge are discussed. Chryssanthopoulos et al [48],
presented a report on the plastic collapse of unstiffened steel
cones in compression. Five steel cones were tested. Results
of experiments were compared with proposed plastic
mechanism approach for predicting collapse load of axially
compressed cone. Recent tests on the plastic collapse of
axially compressed unstiffened steel cones are provided in
Refs [49, 50]. Ref. [49] is devoted to unstiffened thick cones
with cone angle of 14 degree, while Ref. [50] covers
unstiffened thick cones with cone angle of 26.56 degree. In
both references, two cones were tested in each case. Cones
were computer numerically controlled (CNC) machined
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from a solid steel billet. Experiments carried out on the
elastic buckling of 29 integrally ring-stiffened thin steel
cones subjected to axial compression are discussed in Refs
[51-53]. Cones were fabricated from alloy steel by hydro-
spinning process. The ring stiffener was machined from
shear-spun blank by turning. Different ring stiffener
configurations on cone with varying thickness and taper
ratio were considered. Though, the most commonly used
reinforcement type is the ring-stiffener, the importance of
using meridional stringer for axially compressed cones were
studied in Ref. [54].

2.5 Buckling experiments on externally pressurized cones
The earliest tests on buckling of conical shells subjected to
external pressure were those carried out by Tokugawa [1].
Other early tests on cones subjected to external pressure can
be found in Refs [55, 56]. Singer et al, [57-59] conducted a
series of tests on cones subjected to external pressure. In
Ref. [57], the elastic instability of aluminium cones with
different cone angle was examined. Similar experiments
were carried out using nickel conical shells produced by
electroforming over the same aluminium mandrel as
reported in Refs [58, 59]. Moreover, in Ref. [60], detailed
experiments on the elastic buckling of steel cones under
external pressure were presented. Experiments on plastic
collapse of three aluminium cones under external pressure
are reported by Ross et al [61]. A review of testing
techniques for applying external hydrostatic pressure to
buckling of shells is presented in Ref. [62]. In Refs [49, 50],
experiments on the plastic buckling of externally pressurized
unstiffened steel cones are presented. Ref. [49] is devoted to
unstiffened cones with cone angle of 14 degree, while Ref.
[50] covers unstiffened cones with cone angle of 26.56
degree. Two cones were tested in each case to confirm
repeatability of experimental data.

Some of the earlier experiments on reinforced cones
under external pressure can be found in Refs [63-65]. Refs
[63, 64] present details about experiments on steel conical
reducers between cylindrical shells. The plastic buckling
strength under hydrostatic external pressure was investigated
at David Taylor Model Basin. The general instability of ring
stiffened mild steel cones under hydrostatic pressure is
reported in Ref. [65]. Similarly, the report on the elastic
buckling of ring-stiffened cones subjected to external
pressure can be found in Refs [66, 67]. Shells were made
from magnesium or cast-epoxy. Ross [68-76] carried out a
comprehensive experimental tests of the buckling behavior
of ring stiffened thick mild steel cones under external
pressure. He proposed a method for calculation of the
theoretical elastic buckling pressure for a perfect cone,
together with the thinness ratio. During this series of tests,
shells with different stiffener spacing, stiffener geometry and
varying shell thickness with different taper ratio were
investigated. Barkey et al [77] at Sandia National Laboratory
studied the buckling behavior of thin-walled truncated cones
made from ASTM 1008 steel. Cones were subjected to
external pressure and formed a study into the structural
integrity of a fusion related component.

2.6 Buckling experiments on cones subjected to combined
loading

Elastic buckling of conical shells subjected to simultaneous
action of two or more load has been studied in the past.
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Experiments on instability of cones were presented for
conical shells under combined torsion and internal or
external pressure in Refs [78, 79]. In Ref. [78], Mylar cones
were tested, under combined internal pressure and torsion,
and interaction curve was presented in this case. Equal and
opposite loads, monitored by a load cell, were applied by a
cable to the ends of the loading beam attached to the upper
plate. Measurements of the angle of twist of the loaded end
plate were obtained by means of two differential
transformers. Singer and Eckstein [79], presented results on
instability of cones under combined action of torsion and
external pressure. Tests on Alclad, stainless steel and
aluminium alloys were investigated. Tests under combined
loading were carried out in two different ways: (a) going up
to a predetermined pressure, and then keeping it constant,
while torque was applied till the shell failed, or (b) similarly,
only with torque instead of pressure being kept constant. It
was reported that the two procedures yielded fairly close
results. References [80, 81] discuss experiments on cones
under combined torsion and axial compression or tension. In
order to determine the shape of the interactive curve for
cones under combined torsion and axial compression,
Berkovits and Singer [80] presented a result indicating a
parabolic interaction function between torsion and
compression of unstiffened alclad 2024-T3 aluminum alloy
cones. Tests under combined loading were conducted in a
similar way as in Ref. [79], i.e., applying axial load, and
keeping load constant, followed by the application of torsion
until the specimen failed, and vice versa. Buckling
experiments for Mylar cones under combined torsion and
axial compression is reported by MacCalden and Matthiesen
[81]. A similar study on Mylar cone subjected to combined
external pressure and axial compression was presented in
Ref. [82]. Results for Mylar cone under combined internal
pressure and axial compression can be found in Ref. [37]. In
Ref. [83], scaled-down models of inner vessel consisting of
two cylindrical shells connected by conical and torus shells
were tested under combined internal pressure and axial
compression. The specimen was made up of stainless steel.
Berkovits et al [84], presented results of their experimental
program on the elastic buckling of alclad 2024-T3 aluminum
alloy cones under axial compression, torsion and external
pressure or internal pressure in order to determine their
interactive curves. Experimental test rig which was
originally equipped for simultaneous application of axial
compression and torsion as in Ref. [80] was modified.
Experiments on the plastic buckling of short and relatively
thick unstiffened truncated mild steel cones subjected to
combined axial compression and external pressure can be
found in Refs [85-88]. In Refs [85-87], thirteen conical
specimens with cone angle 26.56 degree were tested. Tests
under combined loading were conducted in a similar way as
in Ref. [79], i.e., applying axial load, and keeping load
constant, followed by the application of pressure until the
specimen failed, and vice versa. Whereas, in Ref. [88], ten
cones with cone angle 14 degree were tested. For test under
combined loading, cones were subjected to simultaneous
application of axial compression and external pressure.

A special case of conical shell structures subjected to
combined loading i.e., liquid-filled conical shells supported
from below, was reported by Vandepitte et al in Refs [89-
92]. Refs [89-91], reports on elastic buckling of liquid-filled
conical shells supported from below. Report on elastic-
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plastic buckling under external pressure was presented in
Ref. [92].

Details about elastic buckling of stiffened cones under
combined loading can be found in Refs [93, 94]. In
Reference [93], the buckling behaviour of isotropic conical
shells under combined torsion and external pressure or
internal pressure was analysed. More attention was devoted
to ring stiffened cones made from aluminium and from steel
subjected to various single loads that made up the combined
loading, e.g., torsion and external pressure. Reference [94],
reports on experiments carried out on reinforced steel cones
under combined action of torsion and axial compression.
The test included three shells tested under torsion and
combined loading of torsion and axial compression, and
another four shells were tested under axial compression,
only.

2.7 Buckling experiments on composite conical shells

The buckling behavior of orthotropic composite and layered
sandwich conical shells subjected to various loading
conditions can be found in Refs [95-99]. Bert et al [100,
101] conducted an extensive experimental study on the
buckling behavior of cylindrical and conical sandwich shells
made from glass/epoxy fiber facings and aluminium alloys
honeycomb cores. The specimens were: 1.12m diameter
cylinder and truncated cone with a large diameter of 1.47m.
In Reference [102], experimental investigations were carried
out on the buckling behavior of carbon-fiber-reinforced
plastics (CFRP) and glass-fiber-reinforced plastic (GFRP)
filament-wound conical shells subjected to axial
compression. The specimens were 328mm diameter at the
big end, with r/t ranging from 75 to 162. The cones were
fabricated using the horizontal helical filament winding
machine and a stainless steel mandrel. Similarly, Ref. [103]
examined the effect of cylindrical part length on the crushing
behavior of cone-cylinder-cone intersection in composite
shells. The cylindrical part length varied between 0 and
50mm. Glass/epoxy and carbon/epoxy filament-wound
laminated cones were fabricated by wet filament-winding
process. The specimens had two diameters equal to 98.2mm
and 112.8mm at the big end of the cone.

2.8 Equivalent cylinder approach

Due to the complexity in deriving the equations for conical
shells, the concept of equivalent cylinder was introduced.
The concept of equivalent cylinder was independently
introduced by Tokugawa [1]. Tokugawa assumed the
meridian of the shell to be a beam, simply supported at each
ends and loaded by linearly varying pressure. Since the
maximum deflection occurs at around the middle of the
beam he proposed the analysis of the conical frusta to be
based on an equivalent-cylinder with the radius equal to the
radius of curvature of the cone at this maximum deflection
point. Hoff [104] in 1955, showed that by neglecting certain
terms in the expression for middle surface strain and
curvatures of a deformed conical shells, a set of equations
that reduces to Donnell’s equation for cylindrical shells in
the limits could be obtained. Seide [105] in 1956 derived an
equation for bending and buckling of circular conical shells
under arbitrary loading. When the cone semi-vertex angles
become very small the equation reduces to Donnell’s
equation for thin cylindrical shells. The minimum radius of
curvature of the middle surface approaches a constant value.
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It was shown in [104] and [105] that the system of Donnell-
type equation for cones and equation for cylinder could be
obtained from minimizing the potential energy expression.
In 1959, Seide [20] used the potential energy expression
from [105] for circular conical shells in conjunction with a
slightly modified Rayleigh-Ritz method to obtain results for
buckling of conical shells under hydrostatic external
pressure which is similar to that given by Batdorf [106] for
circular cylinder. Similarly in 1956, Seide [3] obtained a
simple expression for long cone of constant thickness
subjected to axial compression.

The equivalent cylinder approach has also been linked to

the buckling of cones under axial compression or external
pressure, Ref. [107]. This philosophy has been adopted by
all of the design codes [108-111]. Design codes [108-110]
propose the use of equivalent cylinder for cones under
external pressure on the basis of Niordson’s result [17], as
one having a length equal to the slant length of the cone, L,
=L, a radius equal to the average radius of curvature of the
cone, p = (r1+ 1,)/2cosP and the same thickness as the cone,
teqq = t. For cones under axial compression, the design code
formulations differ in the definitions of the radius of
curvature of equivalent cylinder. According to API
recommendations [108] and DIN [109], the buckling load
should be calculated for equivalent cylinder with ranges of
curvature values, p, (ri/cosp < p < ry/cosf). However it is
stated in API recommendations that the use of the radius at
the small end of the cone will be conservative. According to
ECCS recommendations [110] the radius of curvature of the
cone at the axial coordinate (r;/cosf) should be used. In DnV
standard [111], the mean radius of curvature of the cone
should be used as (r;+ r;)/2cosp.
An approximate formula for the design of unstiffened cones
was presented by Finzi and Poggi [112]. The choice of
radius of equivalent cylinder was given as (r,/cosf) for cones
under axial compression and (r;+ r,)/2cosp for cones under
external pressure. The mean radius of cone, (r;+ r;)/2 was
also suggested for calculating the imperfection reduction
factor for cones under axial compression. In Ref. [113],
more extensive design formulas for static buckling strength
of cones under axial compression were presented. The full
ranges of behavior from short to long cones are covered. In
Ref. [114], experiments were conducted to re-examines the
concept of equivalent cylinder for: (i) elastic-plastic
buckling of axially compressed cones and (ii) elastic-plastic
buckling of externally pressurized cones. Two cylinders
were tested. The first cylinder was subjected to axial
compression only, while the second cylinder was subjected
to external hydrostatic pressure.

2.9 Effect of initial geometric imperfection on the buckling
behavior of cones

It is a general belief that the discrepancies between
theoretical prediction of buckling load and the experimental
failure loads of shell structures can be attributed to
imperfections. Imperfection types outlined by Babcock [115]
are a result of nonuniform shell thickness, nonuniform
loading, inaccurately modeled boundary conditions,
influence of prebuckling deformations and deviations from
the perfect shell geometry. Reference [116] presents method
for accurately determining the plastic collapse load of
imperfect shell structures, e.g., for plates, cylinder and silo
transition junction. This method was based on results from
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FE analyses. The material was modeled to be elastic-
perfectly plastic with Young’s modulus, E = 200 GPa,
Poisson’s ratio, v = 0.3, and yield stress, o,, = 250 MPa.
Three different examples were described, they are: (i) plate
with uniformly distributed transverse pressure, (ii) cylinder
with axisymmetric band load, and (iii) silo transition
junction. This method has been evaluated using numerical
studies with no experiments.

By far the most widely considered imperfection type is
associated with the initial geometric imperfections. One of
the first studies of the sensitivity of the structures critical
load to initial geometric imperfections was carried out by
Donnell and Wan [117]. Several investigations on the
influence of initial imperfection can be found in Refs. [118-
124]. In [119], the importance of conducting initial
geometric measurements of shells was highlighted. This is
equally important, with the advent of computerized analysis,
to provide accurate data for numerical simulations. One of
the most important parts of buckling experiment on shells is
the extent of geometric imperfection measurement carried
out before the experiment. A modern, semi-automated
measurement technique for measuring shell imperfection
was developed in Ref. [125]. The level of sensitivity of
isotropic cones depends on the cone parameters, such as: the
cone angle, the length to radius ratio (the longer the shell,
the lower the sensitivity) and boundary conditions [126].
The initial postbuckling and imperfection sensitivity of
anisotropic conical shells was examined in Refs [127, 128].
A widely used form of shape deviation in calculating
imperfection sensitivity is the eigenmode imperfection. The
buckling mode of a perfect shell is superimposed on the
perfect shape of shell such as those seen in Refs [129-131].
In practice, most imperfections found in structures do not
have the shape of buckling mode. Reference [132] presents
result of a study of the effect of local imperfection (dimple)
on the elastic buckling of axially compressed conical shells.
The study into influence of initial geometric imperfections
on buckling strength of truncated cones subjected to axial
compression only, lateral pressure only and combined axial
compression and external pressure is reported in Ref. [133].

The work was purely numerical and cones were assume to
fail in the elastic-plastic range.

2.10 Effect of imperfect boundary conditions on the buckling
behavior of cones

Very few studies have been carried out on the influence of
boundary condition on the load carrying capacity of cones.
They can be found in Refs [9, 79, 134-140]. In Refs [134-
136], the effect of the possible in-plane boundary conditions
on the buckling behavior of conical shells subjected to
external pressure was studied. Also a method of analysis of
the buckling of clamped conical shells was derived based on
solution of modified Donnell-type stability equation, Ref.
[137]. A similar effect was demonstrated experimentally in
Ref. [79]. For cones under axial compression, axisymmetric
buckling can lead to lower buckling loads for certain
boundary conditions (simply supported out-of-plane, varying
in-plane restraint) as pointed out in Ref. [9]. Also it was
showed in Refs [138, 139] that at a certain aspect ratio of
unstiffened conical shell, different buckling mode
correspond to the same value of critical buckling load. The
severity of influence of radial edge displacement constraints
on the limit load for stiffened conical shells subjected to
axial compression was presented in Ref. [140]. Numerical
studies into the effect of imperfect boundary condition on
the load carrying capacity of thick steel cones subjected to
axial compression only and lateral external pressure only is
presented in Ref. [133].

3 Conclusion

The literatures presented in this paper is by no means
complete but it gives a comprehensive representation of
different work being carried out on the subjects matter. The
author wishes to apologize for the unintentional exclusions
of missing references and would appreciate receiving
comments and pointers to other relevant literature for a
future update.
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