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Abstract 
 

Geometrically based single-bounce elliptical model (GBSBEM) does not consider the impact of time delay and pitch 
angle, and cannot response the correlation between MIMO antennas. In order to solve these problems, an improved three-
dimensional MIMO channel model based on GBSBEM is presented. By introducing spatial distance and pitch angle, this 
model transformed the 2D GBSBEM to 3D GBSBEM, which includes space distance, direction of arrival (AOA) and 
multipath time delay. And the probability density functions of the AOA, time delay and their joint are also derived. 
What’s more, by building 3D GBSBEM between multi-antennas, 3D MIMO GBSBEM is presented. For illustration, 
MATLAB simulation is utilized to show the feasibility and applicability of this 3D MIMO GBSBEM. The analysis 
results show that the improved model is not only compatible with the original model, but also improve the accuracy of 
the latter, and extend the scope of its application. The improved model is more suitable for analyzing the signal reception 
performance of MIMO communication systems. 
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1. Introduction 
 
In MIMO wireless fading channel, the direction of wave 
propagation is directional and non-uniformity. However, the 
wider application of MIMO channel model based on the 
direction and angle geometric statistical properties are built 
under an ideal condition thattransmitting antennas and 
receiving antennasare located in the same horizontal plane. 
Therefore, geometrically based scatter (GBS) model is not 
fit for establishing MIMO channel models. GBS model can 
realize a concise description of the radio channel, and does 
not require extensive and time-consuming measurement for 
analyzing the channel characteristics, such as geometrically 
based single-bounce elliptical model (GBSBEM) [1] and 
geometrically based single-bounce circle model (GBSBCM) 
[2]. In order to make the GBS model suitable for MIMO 
channel modeling, a lot of literature research MIMO channel 
of GBS models. In literature[3]，Lee modelassumed scatters 
uniformly distributed in a ring around the mobile station. 
Literature [4] assumed that N scattering bodies in the range 
of the angle of AOA. All of these literatures used different 
functions to describe the distribution of the channel angel 
and scattering bodies. However, these models did not 
consider the impact of time delay. For this reason, the space 
time frequency correlation function of MIMO channel 
cannot be expressed. 
 Literature [5] has confirmed that the scattering signals in 
radio channel have large pitch angels. So researches for 

MIMO channel must consider the influences of pitch angel 
and time delay, and need to create a three-dimensional 
model. Literature [6], referring [5], built a 3D GBS model, 
but assumed that received signals at the receiver were evenly 
distributed in the range of angular spread. Literature [7] 
created a three-dimensional channel model for different 
receiver arrays, considering the influence of pitch angle, but 
assuming the horizontal angle and the pitch angle were 
uniformly distributed. 
 To solve this problem, an improved 3D-MIMO-
GBSBEM is presented in this research. This model 
introduces space distance vector, AOA and time delay as the 
model parameters, and derive the probability density 
functions of the AOA, and the space time frequency 
correlation function of MIMO channel. MATLAB 
simulation results show that the improved 3D-MIMO-
GBSBEM model is not only compatible with the traditional 
GBSBEM, but also overcome the limitations of the latter. 
This model can be used more widely in MIMO channel 
modeling by selecting appropriate parameter settings. 
 
 
2. The Improved 3D-GBSBEM 
 
2.1 model of 3D-GBSBEM 
As shown in Fig.1, Tx, Rx, are the transmitting antenna and 
receiving antenna respectively. Many ellipses with different 
lengths characteristics can be obtained using Tx and Rx as 
focus. A,B and Care random scattering points in these 
ellipses. Elliptical model depicted in this manner has two 
characteristics:  
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(1) although the distance between A and Rx is different to 
the distance between B and Rx, A and B have the same 
angle of arrival. So they have same Doppler frequency;  
(2) according to the nature of ellipse, A and C are in the 
same ellipse, and they have thesame path length. So they 
have the same propagation delay.  
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Fig. 1. an GBSBEM channel model 

  
 

 Elliptic equations is defined as: 
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C is speed of light, and iτ is time delay. 
 
 Based on the GBSBEM, AOA’s probability density 
function on the standard time delay is defined as: 
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 It can be seen that original GBSBEM does not consider 
the pitch angle formed by the transmitting antenna, receiving 
antenna and the horizontal plane. When communication 
distance is far away, the pitch angle is very small, and the 
time delay is long. While communication is taken place 
between the high-rise buildings in an urban environment, the 
pitch angle is larger, and the time delay is smaller compared 
with long distance communication. In this way, original two-
dimensional GBSBEM established under the horizontal will 
no longer be able to guarantee its accuracy. 
 In order to make up for the deficiencies of the original 
2D-GBSBEM, a new improved ellipsoid modelis 
constructed within a three-dimensional coordinate system. 
This model makes the transmitting antenna and the receiving 
antenna as the ellipsoid’s focuses. What’s more, it assumes 
that the scattering signals reached the receiving antenna have 

experienced only one reflection, and scattering bodies are 
uniformly distributed in the ellipsoid. 
 Its cross-sectional view is shown in Fig. 2: 
 

 
Fig. 2. sectional view of the 3D- GBSBEM  
 
 
 Where 
 
d0 is the distance between transmitting antenna Tx and 
receiving antenna Rx. 

0τ is the smallest absolute delay, 0 0 /d cτ =  
θ  is the pitch angle formed by the transmitting antenna, 
receiving antenna and the horizontal surface. 
A is assumed as an arbitrary point on the elliptical boundary, 
which it’s time delay is iτ . 

φ is AOA, and x xAR Tφ =∠ . 

ir is standard delay, and  0/i ir τ τ=  
 
2.2 The PDF of AOA  
According to the nature of ellipsoid，a three-dimensional 
elliptic equations is built as follows: 
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 Where, z0 is an offset in the Z-axis of ellipse. 
 In order to facilitate the analysis, this 3D-GBSBEM 
model is mapped to horizontal plane. The mapped equation 
is: 
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 According to this mapped equation， the relationship 
between the AOA and the mapped standard time delay in 
horizontal plane can be obtained. The relation ship is shown 
as: 
 

0
2
0

arccos
2 1

i

i

r
r

φ =
−

                                            (5) 

 
Where 0ir is assumed the standard time delay in horizontal 

plane, 0 / cosi ir r θ= . 
In order to generate the probability density function of AOA, 
this research uses the distribution function method, and 
obtains the AOA’s conditional probability density function 
according to the formula (3), (4) and (5), shown as follows: 
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2.3 The PDF of standard time delay 
It was found that the delay can be approximated by an 
exponential distribution [8] in distance environment, such as 
the close scattering bodies, tall buildings and mountains, by 
analyzing the measured environmental in literature [8] and 
[9]. Therefore, the 3D-GBSBEM proposed in this study, also 
believes that scattering bodies obey the uniform distribution 
on the ellipse in the same delay. At the same time, these 
scattering bodies obey exponential distribution on the ellipse 
in the different delay. Under this condition, the probability 
density function of the standard time delay is 
 

0 ( /cos 1)
0( ) ,1

r

r mf r e r r
τ θ

στ
σ

− −

= < <                        (7) 

 
 For each scattering body, the angular distribution and the 
distance distribution are independent, so according to the 
formula (6) and (7), the joint probability density function of 
AOA and standard time delay can be expressed as: 
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3. The 3D-MIMO-GBSBEM 
 
3.1 channel model based on 3D-MIMO-GBSBEM 
Based on the 3D-GBSBEM, 3D-MIMO-GBSBEM is 
presented in this chapter. In Fig.3, we show the model of 
3D-MIMO-GBSBEM.  
 
 Where p, q are transmitting antennas. Spq is the distance 
between them.  The m, n are receiving antennas. Smn is the 
distance between them. The k is a random scatter in 
ellipsoid. Based on the k, ,pm kφ is the DOA between the 

transmitting antenna p and the receiving antenna n. D is the 
horizontal distance between the transmitting and receiving 
antennas. 
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Fig. 3. MIMO model based on 3D-MIMO-GBSBEM 
 
 
 Assuming there is no line of sight between the 
transmitting antenna and receiving antenna, the channel 
impulse response between the transmitting antenna p and the 
receiving antenna m is expressed as follow: 
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 Where pathlossw is the factor of path loss. ij

klτ is the lth 

path time delay,which derived by the wave going throughing 
the scatter k. kg , kφ  are the random gain and random 
phase introduced by random scatter k. What’s more, 

1{ }ijk kg ∞
=  can be seen as independent and identically 

distributed random variables. And it’s normalized form is 
shown as follow: 
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3.2 space time frequency correlation function 
Wireless fading channel second-order statistical properties 
can reflect the basic characteristics of the channel. It is 
necessary to analyze the MIMO channel spatial correlation 
properties in the time domain and frequency domain. The 
literature [3] improved the GBSBEM, but failed to give 
effective expression of space-time-frequency correlation 
function. By taking the corros-correlation of the antennas 
Tp-Rm and Tq-Rn shown in Fig. 3 as example, the space-
time-frequency correlation function of 3D-MIMO-GBSBEM 
is derived and analyzed in this paper. 
 Space-time-frequency correlation function is defined as: 
 

*

,
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Ω Ω
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Where ( )*•  means solving complex conjugate. 

Assuming the waves received by different antennas have 
the same average power, pm qnΩ =Ω =Ω , and the rice 

factors on different channels are the same, 
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pm qn RiceK K K= = . Based on the formula (9), and (11), 

Space time frequency correlation function of  3D-MIMO-
GBSBEM is obtained: 
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approximated as ( | ) ( )f r f r d drφ φ , which is obtained 
in formula(8). Then the formula(12) can be simplified as 
follow: 
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 Where ( , )hS τ ζ is the delay power spectrum density 

function. τ is path delay, and ζ is time difference.  
 According to the characteristics of GBSBEM, the 
received waves transmit distance can be written as: 
 

( )pk km qk kn pkm qkn kd d d d c cτ τ ζ+ − − = − =  
 
 Since the tramsmit and receive antennas distance is 
much larger than the antenna space, the path loss can be 
equivalent to the form: 
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 In this way, the delay power spectrum density function 
can be simplified as follow: 
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 According to the channel features under the condition of 
wide sense stationary uncorrelated scattering (WSSUS)[4], 
many other MIMO channel parameters can also be derived. 
For example, when 0ζ = , the delay power spectrum 

density function, ( , )hS τ ζ , can also be called the delay 

power spectral density ( )Sτ τ ,which determines the 
average power of the scattered components associated with 
the propagation delay τ . It can be seen that the delay power 
spectral density is proportional to the probability density 
function of propagation delay. By the delay power spectral 

density, average delay and delay spread can be derived. The 
solving equation can be written as follows. 
 
(a) The average delay: 
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 The average delay is the statistical average delay of 
carrier signals transmitted in multipath fading channel, and 
is determined by first-order of ( )Sτ τ . 
 
(b) The delay spread: 
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 The delay spread, which is determined by the second-
order of ( )Sτ τ , can be used to measure the time delay of 

pulse going through the multipath fading channel. 
 Since the time-frequency correlation function can be 
expressed as the fourier transform of delay power spectrum 
density function, the time-frequency correlation function is 
derived as follow: 
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4. The simulation 
 
In order to prove the feasibility and applicability of the 3D-
MIMO-GBSBEM proposed in this study, MATLAB 
simulation is utilized. In this study’s preliminary experiment, 
we set d0 = 500m, 5 sσ µ= . Assuming a MIMO channel 
bandwidth of the input signal is 1MHz.  The coefficients of 
cross-correlation function are obtained by AR model. The 
channel simulation is achived by  tapped delay line model. 
The number of taps is 5, and the order of AR model is 50. 
 In Fig. 4, we show the AOA’s PDFs of the GBSBEM 
and the improved 3D-GBSBEM model in different pitch 
angle cases. Seen from Fig. 4, the improved AOA’s PDF has 
the same distribution with the GBSBEM, when the pitch 
angle is zero, i.e. the transmitting antenna and the receiving 
antenna is located in the same horizontal plane. And the 
values mostly concentrate in the small angle region. When 
there is a smaller pitch angle( / 2φ π< )between the 
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receiving antenna and the transmitting antenna, the 
distribution of PDF becomes flat. 
 

 
Fig. 4. the PDF of AOA for 3D-GBSBEM 
 
 In Fig. 5, we show the relationship between the 
improved AOA distribution and the time delay in the case of 
same pitch angle. Seen from Fig. 5, the angle of arrival is 
mainly distributed in a region with small delay. As the time 
delay increases, the distribution of the AOA gradually 
spread. 
 

 
Fig. 5.  The PDFof standard time delay for 3D-GBSBEM 
 
 In order to verify the performance of the 3D-MIMO-
GBSBEM model under frequency selective environment, 
this paper simulated the model’s delay profile, and compare 
the delay profile with the measurement results in literature 
[7]. Literature [7] measured the delay profile under the 
condition of low base station antennas. In order to 
approximate the measured environment, the simulation 
parameter defined as:   
 

2.25pathlossw = , D=1000m, 15θ = o 
 
 The delay profile simulation result is shown in Fig.6. It 
can be seen from Fig.6 that the delay profile of 3D-MIMO-
GBSBEM simulated in MATLAB is consistent with the 
measurement results of Literature [7]. It means that the 3D-
MIMO-GBSBEM can accurately describe the characteristics 
of the frequency selective multipath fading channel.  
 

 
Fig. 6.  the delay profile for 3D-MIMO-GBSBEM 
 
 To the 2×2 antenna element for example, this paper 
simulated the space time correlation function( ( )R τ ) of 3D-
MIMO-GBSBEM. The simulation parameter defined as: 
carrier frequency (fc) is 2GHz, height of transmitting 
antennas is 10p qh h λ= = , and the height of receiving 

antennas is 5m nh h λ= = . The distance between 
transmitting antenna and receiving antennas is 1000m. In Fig. 
7, we show the comparison between the correlation value of 
3D-MIMO-GBSBEM obtained by theoretical analysis and 
the related characteristics obtained by simulation. L is the 
number of paths. It can be seen that, the greater of L, the 
more similar the theoretical curve and the simulation curve. 
 It can be seen from the simulation of 3D-GBSBEM, 
there is a close relationship among the time delay, arrival 
angle and spatial distance between transmitting antennas and 
receiving antennas. For a receiver, the reception will be 
better, if the time delay is smaller and the concentration of 
AOA is higher. Therefore a suitable compromise between 
the height and distance of the receiver is needed. 
 

 
Fig. 7. The space time correlation function for 3D-MIMO-GBSBEM 
 
 In addition, the delay profile and space time correlation 
function of 3D-MIMO-GBSBEM can more accurately 
describe the frequency-selective multipath fading channel 
correlation properties compared with measurement. 
 Therefore, this improved model can provide a theoretical 
basis for the performance analysis of receiver to achieve 
optimum reception. 
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5. Conclusion 
 
This study analyzes the limitations of traditional GBSBEM, 
and proposes an improvement 3D-MIMO-GBSBEM. The 
probability density function of the angle of arrived, space 
time frequency correlation function, and delay power 
spectrum density function are derived. Compared with the 
traditional GBSBEM, this improved model has the following 
characteristics: 
(1) There is a degree of freedom to describe the cellular 
space environment. Selecting appropriate characterization of 

the transceiver antenna space distance, the model is applied 
to city buildings and rural communication environment. 
(2) It is more intuitive and reasonable to explain the physical 
characteristics of wireless fading propagation. The 
simulation results show that the traditional GBSBEM can be 
regarded as a subset of the improved model in the ideal 
environment. The proposed model is not only compatible 
with the traditional GBSBEM, but also effective to 
overcome the limitations of the latter to make the model 
more suitable for the actual environment needs.
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