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Abstract 
 

The working state of rolling bearing has an important influence on the operation of trains, directly related to the safety of 
train passengers. Therefore, it has great significance to conduct train bearing fault diagnosis. In this paper, based on 
harmonic wavelet envelope, a method for the fault diagnosis of railway bearings is proposed. First of all, the harmonic 
wavelet packet was used to translate vibration signal into time-scale representation. Then the decomposed signal was 
demodulated. Finally, through the analysis of the envelope spectrum, the bearing fault feature frequency was extracted. In 
order to verify the validity of diagnosis method, outer race fault bearing and ball fault bearing were tested. The test 
results show that the diagnosis method is effective and practical. 
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1. Introduction 
 
The railway bearing vibration signals usually undergo a 
complex pathway before being collected by sensors. 
Because of the strong interference of outside, the required 
failure information is often submerged by the background 
noise, which is not conducive to signal feature extraction of 
the fault signal. Especially some early failure of the bearing, 
whose signal energy is small and the signal-to-noise ratio is 
low, making the signal processing and fault identification 
more difficult. 
The vibration signal of the fault bearing is a non-stationary 
signal. Traditional spectrum analysis method can’t 
effectively deal with non-stationary signals, For example, 
the FFT is used to analyze and observe the signal amplitude 
difference in frequency domain for damage diagnosis, and it 
is applicable to stationary signal feature extraction. Most 
practical dyadic wavelet is constructed by multi-resolution 
analysis of the two-scale equation, which usually hasn’t 
clear mathematical expressions. Moreover, when the number 
of wavelet coefficients is small, the shape of the wavelet is 
irregular. In this paper, Harmonic wavelet envelope method 
is proposed to conduct bearing fault diagnosis, and the study 
is supported by rolling bearing test, which has achieved 
satisfying results. 
 
2. Harmonic wavelet 
 
The harmonic wavelet, constructed by Cambridge University 
in 1993, is a complex wavelet with clear expression that has 
strict box-shaped spectrum and good filtering properties [1]. 
Frequency function ( )ωeΨ  and ( )ωoΨ  are given as: 
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 And ( )ωeΨ  and ( )ωoΨ make up a complex function: 

 
( ) ( ) ( )e oiω ω ωΨ =Ψ + Ψ                                   (3) 

 
 Then, the time-domain expression of the harmonic 
wavelet is obtained as: 
 
( ) (sin 4 sin 2 ) / 2e t t t tψ π π π= −                

 
( ) (cos4 cos2 ) / 2o t t t tψ π π π= − −  

 
 Thus, the time-domain expression of the complex 
function: 
 

4 2( ) ( ) ( ) ( ) / 2i t i t
e ot t i t e e i tπ πψ ψ ψ π= + = −  

 
The real part and imaginary part are shown in Fig. 1 

and Fig. 2: 
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Fig. 1. The real part of harmonic wavelet 

 
Fig. 2. The imaginary part of harmonic wavelet 
 
Based on the formula (1) to (3), the Fourier transform of the 
harmonic wavelet is: 
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Fig. 3. The frequency spectrum of harmonic wavelet 
 
 
 The frequency spectrum of harmonic wavelet is shown 
in Fig. 3. It can be seen that the frequency spectrum of 
harmonic wavelet has the characteristics of the box and 
excellent compact support features [2]. 
 Binary telescopic pan coefficient of harmonic 
wavelet ( )ωΨ  can be conducted by using variable 

( )Zkjktj ∈− ,2  instead variable t  in the formula (6): 
 

4 (2 ) 2 (2 )(2 ) ( ) / 2 (2 )
j jj i t k i t k jt k e e i t kπ πψ π− −− = − −                (8) 

 
 It can be seen that the shape of the harmonic wavelet is 
unchanged, but the scale is compressed in the horizontal 
direction, and the position is transmitted in the new scale of 
k units [3]. 

 Telescopic pan functions family of harmonic wavelet can 
constitute an orthonormal system. Signals can be 
decomposed into different frequency bands which are 
mutually independent by using harmonic wavelet as basis 
function without omission and overlap decomposition. 
 Introduce the positive real number ( )nmnm <, , consider 
the band [ ]ππω 2,2 nm= , formula (7) can be generalized as: 
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 Therefore, the corresponding wavelet is: 
 

2 2
, ( ) ( ) / 2 ( )i nt i mt
m n t e e n m tπ πψ π= − −                  (10) 

 
 The value of nm,  is flexible, which can be a non-
negative integer value, and the value of nm, can be an 
integer value as long as nm < , without limitation such as 

mn 2= . This greatly improves the flexibility when 
harmonic wavelet selects the analysis frequency band [4]. 
 If the harmonic wavelet is translated by the step 

size ( )zk
mn
k

∈
−

, then the formula (10) will become: 
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 So the analysis frequency bandwidth of harmonic 
wavelet is π2)mn −（ , the analysis time center 

is
mn
kt
−

= . 

 
 

3. Harmonic wavelet packet transform 
 
The harmonic wavelet can be decomposed by adjusting its 
parameters m and n , so the good filtering function of 
harmonic wavelet can be applied to wavelet packet 
decomposition, and it does not reduce the number of signal 
points in the decomposition, ensuring the frequency 
resolution of the decomposed signal. Meanwhile, as 
harmonic wavelet has a phase preserving function, which 
does not change the phase of each harmonic component. So 
the harmonic wavelet can also achieve the band-stop filter 
and noise reduction by signal reconstruction after the 
decomposition. 
 Define j  as the number of the decomposition layers of 

harmonic wavelet packet; define j2  as the number of sub-
bands in the signal decomposition, define bf  as the 

bandwidth of each sub-band; define kf  as the highest 
analysis cutoff frequency of signal. 
 

/ 2 jb hf f=                                                    
 (12) 
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 Because the bandwidth of harmonic wavelet 
is ( )mn −π2 , the wavelet scale parameter ( )nmnm <,  must 
satisfy the following conditions: 
2 2 ( )bf n mπ π= −                                           (13) 
 
 Thus, the harmonic wavelet packet coefficient can be 
obtained by harmonic wavelet transform, that is: 
 

( , , ) ( , , )x xWP j i k W m n k=                                    (14) 
 
 Wherein, j  is the number of the decomposition layers; 
i  is the band label; k  is the serial number of the harmonic 
wavelet packet coefficients. The following is a specific 
formula to determine the parameters ( )nmnm <, : 

2
h

b j

fm i f i= × = ×
                       

 

 

( 1) ( 1) , 0,1, ,2 1
2

jh
b j

fn i f i i= + × = + × = −L  

 
 Determine j , the upper and lower limit of the frequency 
band to be analyzed. Then wavelet coefficient can be 
obtained after the circular convolution operation, namely the 
decomposition of harmonic wavelet packet can be realized 
in the corresponding band [5]. The order of each node in the 
four-layer decomposition of harmonic wavelet packet is 
shown in Tab. 1. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

4. Signal envelope demodulation 
 
 The envelope demodulation is an important technology 
to deal with the AM-FM signal, which can separate the 
bearing fault information from the complex modulation 
vibration signals. In this paper, the envelope demodulation 
of signals is realized by Hilbert transform. 
 Signal ( )tg  becomes ( )tĝ  by Hilbert transform, and the 
mathematical expression is: 
 

1 ( )ˆ( ) gg t P d
t
τ

τ
π τ

+∞

−∞
=

−∫                                       (17) 

 
1ˆ( ) ( )g t g t
tπ

= ×
                                                      

(18) 

 
 Wherein, P is the Cauchy principal value. For 
simplicity, the value of P  is 1.According to the above 
formula, Hilbert transform of the signal is the convolution of 
original signal in the time domain [6]. The convolution in 
the time domain is equivalent to the product in the frequency 
domain [7]. 
 Hilbert transform is the basis of generating analytical 
signal. The method determined Hilbert transform pair is 
shown in Fig. 4, which uses the convolution theorem in the 
frequency domain. Original signal ( )tg  and its Hilbert 
transform pair ( )tĝ  constitute the real part and the 
imaginary part of the analytical signal respectively [8]: 
 

ˆ( ) ( ) ( )g t g t jg t+ = +                                           (19) 
 

 The analytical signal ˆ( ) ( ) ( )g t g t jg t+ = +  is expressed 
as the plural form: 

( )( ) ( ) j tg t A t e ϕ
+ =                                             (20) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(15) 

(16) 
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Fig. 4. Determination method of Hilbert transforms pair 

Tab. 1. Four layers decomposition of wavelet packet 

( )fG

( )fĜ ( )tĝ

( )tg

( ) ( )tgjtg ˆ+( )fj sgn−

Analytical signal 
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Wherein,  

2 2ˆ( ) ( ) ( )A t g t g t= + ( )( ) arctan | |
ˆ ( )
g tt
g t

ϕ =  

 
 The amplitude ( )tA  is the envelope of the signal ( )tg . 
 
 
5. Experimental study of harmonic wavelet envelope 
 
In this paper, fault diagnosis of rolling bearing based on 
Harmonic wavelet envelope is studied. Firstly, the frequency 
subdivision of train bearing fault signal is realized through 
the decomposition of harmonic wavelet packet. Then the 
decomposed signal is envelope demodulated by Hilbert 
transform. Finally, the type of fault can be identified by 
extracting characteristic frequency in the spectrum analysis. 
The following test of rolling bearing is based on this 
method. 
 In this test, outer race fault bearing is used and bearing 
speed is set to 1500RPM aimed to be as close as possible to 
the subway cars bearing speed. The sampling frequency is 
set to 10 kHz. The theoretical characteristic frequency of 
outer race fault is set to 117.8Hz. 
 Oscillogram of original signal of the outer race fault 
bearing is shown in Fig. 5. Modulation signal can be seen 
from Fig. 5, so bearing failure is preliminary recognized, 
which, however, could not be accurately positioned. 
Spectrogram of original signal is shown in Fig. 6. It can be 
roughly estimated from Fig. 6 that the value of carrier 
frequency center is set to 2300Hz, the bandwidth is set to 
625Hz.

 
Fig. 5.  Waveform of original signal 
 
 

 
Fig. 6. Frequency spectrum of original signal 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 7. The signal of node (3, 3) after the decomposition 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
Fig. 8.  Envelope signal 
 
 Decompose the fault signal through three-layer harmonic 
wavelet packet. The frequency range from 1875Hz to 2500 
Hz of node (3, 3) is shown in Fig. 7. The envelope signal 
after envelope demodulation of this node is shown in Fig. 8.  
Envelope spectrum of this node is shown in Fig. 9. Three 
distinct peaks can be clearly recognized from the figure, 
which are respectively 117.2Hz, 234.4Hz and 351.6Hz. 
Wherein, 117.2Hz corresponds to the theoretical 
characteristic frequency 117.2Hz of the outer race fault, so 
failure of outer race bearing is confirmed. 234.4Hz and 
351.6Hz is, respectively, for its frequency doubling and 
frequency tripling. 

 
 
Fig. 9. Envelope spectrum 
 
 It can be obtained by comparing Fig. 6 and Fig. 9 that 
direct FFT transform for fault signal cannot distinguish the 
outer race ring failure. Decompose the wavelet through 
harmonic wavelet, and then extract envelope signal of the 
node at carrier frequency center, finally outer race fault can 
be diagnosed effectively through spectrum analysis. 

 

 

 

(21) 
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8. Conclusions 
 
As can be seen by the above studies, decompose the 
frequency band through the harmonic wavelet packet, which 
can be regarded as the prefiltering of envelope 
demodulation. Then conduct envelope demodulation through 
the Hilbert transform and obtain the acceleration envelope 
spectrum of bearing fault signal. Weak fault signals can be 
extracted effectively by finding the modulation frequency 
through spectrum analysis, which represents failure 
characteristics. It has great significance in the diagnosis of 
subway train bearing early fault. 
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