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Abstract

During oil and gas extraction, alternating wellbore pressures can induce cyclic loading, which can potentially lead to
structural damage of the casing cement sheath, posing safety risks. An analytical model for the elastic deformation stage
of the cement sheath was developed to investigate its mechanical response and failure modes during well operations. A
casing-cement sheath-formation system model and thick-walled cylinder theory were utilized. Analytical expressions for
the elastic deformation stage were derived. These expressions were validated through finite element analysis. Results
show that, the cement sheath primarily fails in either tensile or compressive modes. As the elastic modulus increases, a
transition from compressive to tensile failure modes occurs. When the elastic modulus exceeds 40 GPa, the effect on
radial stress stabilizes. Moreover, when the casing pressure reaches 60 MPa, the cement sheath expands outward,
transitioning from a compressive state to a tensile state in the circumferential direction. This study provides valuable
insights for analysing mechanical response parameters and evaluating the safety of the casing cement sheath during

operations.
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1. Introduction

Cementing is crucial in oil and gas extraction, providing
well stability and preventing formation gas and groundwater
infiltration, thereby enhancing safety during operations.
Cement slurry forming a cement sheath through hydration.
This sheath isolates the formation and supports the casing.

With the rise of unconventional resources like shale gas,
issues such as casing deformation from volumetric
fracturing have become increasingly common. Such
deformation can impede bridge plug setting, reduce
fracturing stages, increase costs, and decrease production,
affecting the economic viability of shale gas projects.
Additionally, alternating stress during operations can cause
micro-cracks or gaps in the cement sheath, compromising its
sealing ability and reducing well lifespan.

Early studies on cement sheaths led to improved
mechanical models and experimental methods, but field
damage and failure persist [1-3]. The cement sheath’s
mechanical response is influenced by casing and formation
deformation. Thus, addressing the deformation coordination
and developing a rapid calculation method for analyzing the
cement sheath’s mechanical response during elastic
deformation are crucial.

This study developed the model for elastic deformation.
The model was tested against finite element numerical
solutions. The influence of parameters on stress and
displacement fields was checked by this model. This study
aims to identify primary failure modes and evaluate
parameter impacts under operational conditions. This study
was vital for maintaining cement sheath integrity and
optimizing resource development.
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2. State of the art

Oil and gas resources are essential for energy development,
making the study of cement sheaths in well cementing
crucial. Advances in science and technology have
heightened this focus. Shu et al. found that cyclic loading
induces micro-cracks in cement sheaths, increasing
permeability and potentially leading to through-cracks.
Micro-annular gaps, due to damage accumulation, are a key
reason for gas migration in well cementing. However, this
study was limited to a single gas storage facility [4]. De et al.
used finite element methods to analyze casing-cement
sheath-formation models, and obtained a strong correlation
between failure and the stiffness ratio during pressure tests.
The impact of temperature differentials on cement sheath
damage was significant in oil well operations, though real-
world complexity limited the application [5]. Deng et al.
included interface failure factors in models to assess the
effects of parameters on casing stress, but their study didn't
account for interface damage or elastic modulus degradation
[6]. Zhang et al. introduced a method for determining
cement sheath thickness variations using dual-energy
window methods, which were validated only through
simulation [7]. Guo et al. found that cyclic loading led to
micro-annular gaps at the cement sheath interface, which
could cause gas migration. They noted that latex and
toughening agents improve sealing by filling gaps and
reducing pore size, but their study only considered circular
cement sheaths, which were rarely perfect in real scenarios
[8]. Zhou et al. observed that cement sheaths in the plastic
deformation stage faced “interface stress reversal” risks
under alternating pressures, leading to sealing failure. This
study was based on simulation without experimental
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validation [9]. Zhang et al. developed an elastoplastic
correction solution using the Mohr-Coulomb yield criterion
for casing-cement sheath-formation assemblies under
uniform pressures. This solution was limited to formations
with small differential stresses and uniform in-situ stresses
[10]. Wang et al. found that poor cementing quality affected
casing stress and deformation, with excessive micro-gaps
amplifying internal pressure effects. However, their work
was specific to certain wells and has limited broader
applicability [11]. Ghavami et al. used geological mechanics
and finite element methods to propose a new design
equation for predicting casing collapse, with constraints to
improve accuracy. This method was specific to a southern
Iran oil field and lacked detailed validation [12].

In addition to studying overall aspects of oil wells,
scholars explored various methods to improve efficiency.
Ugarte et al. found that hydrogen molecules enhance the
formation of silicates and ettringite, which alter porosity
distribution and improve cement strength. However, this
study did not consider temperature and pressure changes,
highlighting the need for further work to include these
variables for an improved simulation of underground
conditions [13]. Salim et al. emphasized the effective
cementing for oil production, particularly the use of spacer
fluids for pre-cementing cleaning. However, their
experiments, conducted under controlled laboratory
conditions, cannot fully represent the complexities of field
oil well operations [14]. Nanomaterials recently attracted
attention for their potential to optimize cement sheath
properties and reduce strength degradation; however, their
high cost renders them economically unfeasible for direct
application in the oil industry [15]. Ahmed et al. indicated
that delamination is more likely to occur at the cement-liner
interface. The risk was highest in production liners, followed
by shallow liners, with intermediate liners being the least
susceptible to failure. Stress evaluation was crucial,
particularly at elevated temperatures [16]. Furthermore,
machine learning technologies were increasingly applied in
cementing and oil fields. Support vector machines could
predict the condition of cement sheaths in oil wells with the
accuracy rate higher than 0.99 and the time consumption did
not exceed one millisecond. Nonetheless, the reliance on
training data from simulated cases of cement sheath damage
necessitated a comprehensive database to achieve accurate
predictions.

Existing studies primarily addressed finite element
simulations and experimental studies of cement sheath
deformation in specific wells. However, these studies were
confined to particular wells and did not extensively
investigate the impact of parameters on the cement sheath.
Consequently, current findings exhibit limited applicability
and cannot be generalized. Therefore, there is an urgent need
for a rapid evaluation model to assess the mechanical
response and failure under field conditions. This study
proposes an analytical model of cement sheath during elastic

deformation, and validates it through finite element methods.

The study examines how factors affect its stress and
displacement fields. This model is intended for evaluating
the mechanical response and failure across various casing-
cement sheath-formation configurations, providing a
foundation for rapid and safe field evaluations.

The remainder of this study is organized as follows.
Section 3 presents the mechanical and finite element models,
along with the theoretical derivation of the analytical model.
Section 4 validates the analytical model and explores the
influence of different factors on the internal conditions. The
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final section summarizes

conclusions.

the findings and presents

3. Methodology

3.1 Mechanical model

Based on the theory of multi-layer thick-walled cylinders in
elasticity, the combination of casing, cement sheath, and
formation are modeled as a thick-walled cylinder comprising
three different isotropic materials. Consequently, the Lame
solution in elasticity is used for the calculations. [17].
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Fig. 1. Elastic mechanical model

The model is illustrated in Fig. 1. Expressions for radial
stress and displacement can be derived using thick-walled
cylinder theory, as detailed in equations (1) to (6).
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In the formula: o

<S¢ is the radial stress of the casing,
casing
.

u is the radial displacement of the casing, o< is the

r

cement

radial stress of the cement sheath, u is the radial

r

displacement of the cement sheath, o"*"" is the radial stress
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stratum
>

of the formation, and u is the radial displacement of the

formation ring.

3.2 Analytical model for cement sheath

According to the principle that the displacement of the outer
interface must be consistent with the displacement at the
inner boundary of the cement sheath, and the displacement
at the outer interface must align with the displacement of the
formation, the following equation can be obtained:

casing __ _ cement
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u

r=n

(7

stratum __ _ cement

r=r = %r=n

Substituting equations (3) and (6) into r=7 , and

substituting equations (6) and (9) into 7 =7,, we can obtain

expressions (8) to (15):
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Calculate the simplified expressions for B and P, , as
shown in equations (24) and (25).
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By substituting F, and P, into equations (3) to (4), the
expressions for the stress and displacement can be obtained:
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Table 1. Material Mechanics Parameters

Material F(l}z;)s:)c modulus 3(2;;11?), Poisson's ratio
Stratum 6 1577 0.2

Cement ring 10 2500 0.19

Bushing 200 7800 0.3

The mechanical parameters are provided in Table 1. The
geometric dimensions are shown in Table 2. By applying a

uniformly distributed load £=15 MPa on the inner wall and
crustal stress P,=20 MPa, the radial stress, circumferential
stress, and radial displacement can be calculated.

Table 2. Geometric parameters of casing cement sheath
formation system

r h ) £
110mm 122mm 165mm 500mm
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Fig. 2(a) shows the stresses are distributed along the
radius. In an ideal elastic state, the inner wall primarily
experiences radial pressure, which leads to internal
compression. The radial stress is higher near the inner wall
due to the radial contact force. The Poisson effect causes
radial compression and tensile deformation in the
circumferential direction, resulting in greater circumferential
stress at the outer diameter of the sheath. Fig. 2(b) illustrates
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the relationship between radial displacement and radius. At 500mm
the inner boundary, the outward radial stress results in an
outward movement of the inner boundary. Conversely, at the
outer boundary, inward constraints lead to negative radial
displacement due to the inward movement under pressure.
This demonstrates that the cement sheath experiences overall Formation

) . n
compression under radial pressure. S
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= By comparing the mechanical response analytical model

B 016 and numerical solution, as shown in Fig. 5, the analysis
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~ revealed that the stress and displacement distributions along
0.18 the radius were consistent in terms of numerical values and

120 125 130 135 140 145 150 155 160 165  upward or downward trends, thereby demonstrating the
Cement ring radius accuracy of the theoretical derivation.

(b) Radial Displacement Distribution
ig. 2. Analysis Model of Cement Ring

e

4. Result Analysis and Discussion

4.1 Model validation

A finite element model was established to verify the
accuracy of the analytical model, as shown in Fig. 3. The S,S11(CSYS-1)
model consisted of a square formation with a side length of (Avg:75%)

500 mm. The inner radius was 7, =110 mm, the outer radius -2.574e+01
was # =122 mm, and the outer radius of the cement sheath 152%218}
was 7, =165 mm. Consequently, the casing wall thickness :%gggzigi
was 24 mm, whereas the cement sheath wall thickness was -2.709e+01
43 mm. Material parameters are listed in Table 1. :%;gg:gi

Radial stress and displacement distributions were 2.791e+01
computed, as shown in Fig. 4. The radial stress and -2.818e+01
displacement values were extracted as numerical solutions -2.845e+01
for the elastic deformation stage. These results were :%gg%zig%

compared with finite element numerical solutions to verify (a) Radial Stress Map
the accuracy of theoretical derivation and numerical models.
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U,UL(CSYS-1)
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(b) Radial Strain Map

Fig. 4. Elastic Deformation of Cement Sheath
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Fig. 5. Radial Distribution of Stress and Displacement

4.2 Parameter influence law

This section further compares the effects of various
parameters on the stress field and displacement field during
the elastic deformation phase.

4.2.1. Elastic modulus of cement sheath
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This study investigates critical radial positions within the
cement sheath at = 122 mm, 132 mm, 142 mm, 152 mm,
and 162 mm. The radial stress and displacement at these
positions are calculated as the elastic modulus is increased in
ten equal increments, ranging from 10 GPa to 60 GPa.

Fig. 6(a) illustrates that the relationship was linear; the
effect was more pronounced in the inner regions and less
significant at larger radii. The impact of the elastic modulus
on radial stress was more pronounced in the inner regions
and becomes less significant at larger radii. When the elastic
modulus exceeded 40 GPa, its effect on radial stress
stabilizes, as the cement sheath material became sufficiently
rigid and resistant to deformation. Consequently, further
increases in elastic modulus resulted in minimal changes in
radial stress. Fig. 6(b) illustrates that radial displacement
decreased with increasing elastic modulus, approaching zero,
as the deformation diminished.
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(b) Radial Displacement
Fig. 6. Effect of Elastic Modulus

4.2.2. Poisson's ratio of cement sheath

The Poisson’s ratio was increased in ten equal increments,
ranging from 0.1 to 0.3, and the resultant changes in stress
and displacement were calculated, as depicted in Fig. 7. Fig.
7(a) reveals that variations in Poisson’s ratio induced only
minor alterations in radial stress, thereby indicating a limited
influence of Poisson’s ratio on stress distribution. Fig. 7(b)
illustrates that Poisson’s ratio exerted a minimal effect on
radial displacement, manifesting as a slight augmentation at
the inner wall and a marginal reduction at the outer wall.
Notably, the relative displacement between these two
positions remained almost unaltered. This observation
agreed with the marginal impact as shown in Fig. 7(a).
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4.2.3. Internal pressure of casing

The casing internal pressure was increased in ten equal
increments from 30 MPa to 60 MPa, and the corresponding
changes in stress and displacement were calculated, as
shown in Fig. 8. Fig. 8(a) illustrates that the radial stress
with the cement sheath increased with internal pressure. Fig.
8(b) reveals that radial displacement initially decreased and
subsequently rose, transitioning from negative to positive.
Initially, an elevation in internal pressure induced radial
compression of the cement sheath radially. However, when
the internal pressure exceeded a specific threshold, the
cement sheath commenced radial expansion, resulting in
augmented radial displacement. Consequently, beyond this
threshold, the cement sheath underwent a transition from a
state of radial compression to expansion, ultimately yielding
tensile state in the circumferential direction.

5. Conclusions

To investigate the stress and displacement fields within the
cement sheath during elastic deformation and their
influencing factors, this study developed an analytical model
using MATLAB. This model examined the effects of the
cement sheath’s elastic modulus, Poisson’s ratio, and casing
internal pressure on the stress and displacement fields. The
following conclusions could be drawn:

(1) The cement sheath as a whole undergoes compression
under radial pressure.

(2) The elastic modulus of the cement sheath has a slight
effect on radial stress distribution in regions of large radius
but significantly affects the inner wall region.

(3) Poisson’s ratio does not notably affect radial stress but
slightly influences radial displacement, increasing at the
inner wall and decreasing at the outer wall.

(4) Radial stress increases with internal casing pressure,
whereas radial displacement initially decreases and then
increases, transitioning from negative to positive.

This study developed the analytical model for the
mechanical response of the cement sheath. It evaluates the
influence of various factors on the cement sheath during the
cementing process and provides insights for ensuring its
integrity. Future work will aim to further refining this model
to enhance the understanding of the cement sheath’s
behavior.
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