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Abstract 
 

The contact stress of flexible joint is an important factor affecting the safety of ultra-short-radius drilling tools. However, 
calculating the contact stress accurately is difficult, because the method for solving the multibody collision of the flexible 
joint is complex. A novel analytical method for the contact stress of ball cage flexible joint is presented in this study. The 
method was used to establish the relationship between the parameters and contact stress of the flexible joint during the 
drilling process. The contact stress analytical models of the ball head, ball key, and ball seat were established based on 
Hertz contact theory, and the finite element method was used to analyse the variations of contact stress under the weight 
of bit and torque. The influences of borehole curvature and deflection angle on contact stress were discussed for 
parameter optimization. Results demonstrate that the contact stress values on the ball key, inner raceway, and outer 
raceway are concentrative. The ball key is the most dangerous part of the flexible joint, and its safety can be improved by 
increasing its diameter. When the deflection angle between the flexible joint was increased from 0 ° to 18 °, the contact 
stress value also increased to 220 MPa. However, the contact position was random on the inside of deflection. The 
proposed method provides a good prospect to optimize the structure parameters of the flexible joint and ultra-short-radius 
drilling parameters. 
 
Keywords: Ball cage flexible joint, Ultra-short radius drilling tools, Hertz contact theory, Contact stress, Safety evaluation 
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1. Introduction 
 
Ultra-short-radius horizontal well is a low-cost and high-
benefit production technology for remaining oil, which is 
different from conventional horizontal well. Its curvature 
radius is small and not more than 4 m, thus, conventional 
drilling tools cannot meet the drilling requirement. Special 
flexible drilling tools need to be developed. At present, ultra-
short-radius horizontal wells have been widely used in the 
oilfield. Flexible drilling tools are the key parts and are 
composed of a guide pipe, a flexible drill pipe, and a bit. The 
flexible drill pipe is hinged by multiple flexible joints and 
can pass through a curved wellbore with a small curvature 
radius. At present, different types of flexible drill pipes have 
been developed. Hill [1] developed an improved drill string 
component that can bend pipes with a radius as short as 25–
50 feet in the well. Luo [2] established a model of hinged 
flexible pipe and studied the dynamic characteristics under 
different constraints. Warren [3] developed a short-radius 
drilling system composed of a bit, a flexible joint, a sliding 
sleeve, an indicator, and a flexible drill string, which greatly 
increased the production. The cross-axis universal joint was 
used in three types of flexible joint and has the advantages of 
simple structure and high efficiency, but it also has some 
disadvantages, such as limited swing angle (less than 25 °), 
large friction force, and large energy loss. 

During the process of ultra-short-radius drilling, the 

flexible joint produces contact stress under the weight of bit 
(WOB) and torque, which reduces the structural strength of 
drilling tools. Therefore, studying the relationship between 
flexible joint parameters and contact stress is important. 
From which, we can optimize parameters and reduce contact 
stress to ensure the safety of drilling tools. However, 
multibody collision contact will be produced between the 
ball cage flexible joints, which is a complex nonlinear 
problem and is difficult to study. 

Scholars all over the world have conducted several 
research studies on the collision contact of universal joints 
[5-8], but an analytical method considering the influence of 
drilling loads and deflection angle has not yet been proposed. 
Therefore, establishing a method for multibody collision 
contact stress and optimizing the parameters of a flexible 
joint are urgently needed. 

Based on the above analysis, this study establishes the 
contact stress analytical method of ultra-short radius flexible 
joint. Subsequently, the variation of contact stress is studied, 
and the relationship between flexible joint parameters and 
contact stress is developed. The proposed method provides a 
good prospect to optimize the structure parameters of 
flexible joint and ultra-short radius drilling parameters. 
 
 
2. State of the art  
 
Scholars have conducted much research on the contact 
model of ball cage universal joint used in the automobile 
industry and robot industry. Anoopnath [5] calculated the 
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maximum contact pressure between the deep groove ball 
bearing and the inner race and compared the calculated 
results. The results were used to predict the contact pressure 
between the inner race and the ball, but the model is 
relatively simple. Pandiyarajan [6] and Virendra [7] used 
Hertz elliptical contact theory to determine the maximum 
contact pressure of large-diameter ball bearings and 
compared it with the contact stress obtained by finite 
element method, but the author did not study the influence of 
rotational speed and other factors. Louay [8] studied the 
contact stress of pear cam mechanism. The effect of contact 
compression load on the contact stress distribution of the 
cam profile at contact point was studied. Numerical 
simulation was performed using the FEM software, and 
contact stress was determined. Based on Hertz contact 
theory, this research method was aimed at the cam structure 
and was not completely applicable to the ball cage universal 
joint. Zhao [9] proposed a fast method for calculating the 
contact stress distribution and contact radius in the elastic–
plastic contact between two spheres. The proposed fast-
solving method can be applied to perform elastic–plastic 
contact analysis in engineering practice. Molla [10] evolved 
the equivalent mechanical load of the wheel by finite 
element analysis, and the values obtained by FEA and Hertz 
theory were matched, but this method made several 
assumptions about the model, which affected the calculation 
accuracy. Luo [2,11,12] combined 3-D beam elements, 
universal joint elements, rigid beam elements, and beam–
beam contact elements to establish a two-layer contact 
nonlinear finite element model of the flexible drilling tool in 
the wellbore. The dynamic relaxation method was 
introduced for numerical solution. The mechanical analysis 
of flexible drilling tool under the four-hole inclinations in 
the oblique section was carried out, but the model adopts the 
cross-shaft universal joint. Therefore, the method can be 
used for reference, but the model needs to be further 
modified. Osvaldo [13] proposed a new approach to describe 
2D frictional contact problems based on the use of coupling 
finite elements and a combined contact/friction damage 
constitutive mode, but the gap between multi-bodies was not 
considered in this method. Liu [14] analyzed the first 
titanium alloy drill pipe failure accident that occurred during 
the drilling of an ultra-short-radius horizontal well in China 
and conducted physical and chemical analyses, 
microstructure observation, scanning electron microscopy, 
and full-scale torsion tests, but did not give the specific 
calculation method of contact stress. Zhang [15] and 
Bautista [16] used parametric design technology to establish 
a standard parts model library of ball cage constant-velocity 
universal joint. They also developed a 3D parametric design 
system. Static calculation of the automatically generated 
parts was performed. However, the research adopted the 
method of static analysis, and the result error of contact 
stress was large. Paul [17] and Ian [18] developed a 
multibody analysis simulation model for ball-type CVJ and 
compared the numerical results with the analytical results in 
the case of static non-deflection joints to verify the 
correctness of the model, but the model does not consider 
the influence of deflection angle. Simpson [19] and Rebecca 
[20] developed an existing mathematical model for the case 
of cross-groove CVJs, including an accurate contact 
mechanics model. The improved model shows the 
correlations between predicted contact force variation and 
wear scar depths during ball reversals but does not analyze 
the relationship between contact stress and structural 
parameters. 

The above studies are mainly aimed at the contact stress 
of the single ball cage flexible joint, and there are few 
studies considering borehole curvature and drilling load. 
Hence, the study proposes a novel analytical method for 
contact stress of ball cage flexible joint. The method is based 
on the Hertz contact theory. The contact stress between the 
ball key, the inner and outer raceway are studied by the 
approach. The finite element method was used to study the 
variation of contact stress under the weight of bit and torque, 
and the strength of flexible joint is discussed. 

The remainder of this study is organized as follows. 
Section 3 establishes the contact stress model according to 
Hertz contact theory. Section 4 discusses the variation of 
contact force on the flexible joint. Section 5 summarizes the 
conclusions. 
 
 
3. Contact stress model of flexible joint 
 
Our team developed a ball cage flexible joint [4] as shown in 
Fig. 1 to overcome the above problems. The most important 
part of the flexible drill pipe is the ball cage flexible joint, 
which is composed of a ball head, a ball cage, ball keys, and 
a ball seat. The outer surface of the ball head of the ball cage 
flexible joint has six arc grooves as the inner raceway of the 
ball key. The six arc grooves corresponding to the inner 
surface of the ball seat are the outer raceway of the ball key, 
and the ball key in the raceway is installed in the square hole 
of the ball cage to constrain six steel balls in the same 
motion plane. The drilling torque is input by the ball head 
and output by the ball key and ball seat to drive the rotation 
of the flexible drill rod. 
 

 
Fig. 1.  Structure diagram of ball cage flexible joint 
 

Fig. 2 shows the structure of ball key. The section shape 
of raceway is oval and its parameters are shown in Table 1. 

 
Table 1. Parameters of flexible joint 
Maximum 
torque 

Radius of the 
distribution ball key 

Diameter of 
the ball key 

Pressure 
angle 

1800 kN.m 32 mm 7.5 mm 45 ° 
 

Assuming that the forces acting on each ball key are 
equal under ideal conditions, and the direction of the 
circumferential force  is the tangent direction of the ball 
key distribution circle. Since the pressure angle  between 
the ball key and the contact point is 45 °, and the six ball 
keys bear the same load when the torque is transferred, the 
normal pressure acting on the contact point of the ball key 
and the raceway is: 
 

               (1) 

F
b

max max 13258.3
6 cos 6 cos45
M MP N
R Rb

= = =
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 Where,  is the maximum transmitted torque, and 

 is the radius of the distribution ball key circle. 
 

 
Fig. 2.  The structure of ball key 
 

The ball cage flexible joint raceway is a variable 
curvature ellipse. Considering the curvature of the raceway 
changes only 5% along the axis of the contact ellipse, the 
curvature of the whole contact area can be approximately 
regarded as equal. The radius of curvature is approximately 
1.03 to 1.05 times the diameter of the ball key. Assuming 
that the contact stress is elastic, and the contact surface is 
much smaller than the curvature radius of the contact point, 
the contact stress can be solved using Hertz theory directly. 

Fig. 3 shows a principal curvature diagram of the inner 
ball head raceway, when it is in contact with the ball key. 

The radius of principal curvature  and the equivalent 
radius of curvature  are: 
 

                            (2) 

 
Where,  is the diameter of the ball key, and its unit is mm. 

The ball head contact radius  of the main curvature is: 
 

                           (3) 
 

The ball head equivalent radius of curvature  is: 
 

       (4) 

 
Where,  is the bottom radius of the outer ball head 
raceway, and its value is 18 mm.  is the instantaneous 
curvature coefficient of raceway, and its value is 0.52.  is 
the pressure angle of the ball cage flexible joint, and its 
value is 45 °. 

 

 
Fig. 3.  The contact model between the head seat and the ball key 
 

Similarly, the ball key contact radius of principal 
curvature  and equivalent radius of curvature  are: 
 

                             (5) 

 
The main curvature radius  of the ball seat contact is: 

 
                          (6) 

 
The ball seat equivalent radius of curvature  is: 

 

    (7) 

 
Where,  is the ball seat radius of raceway bottom, and its 
value is 34 mm.  is the instantaneous curvature coefficient 
of the ball seat outer raceway, and its value is 0.52. Other 
parameters have the same meaning as above. 

As shown in Fig. 3, the contact surface formed by two 
objects under the action of normal force  is an ellipse, and 
the long and short semi-axes of the contact ellipse are: 
 

                    (8) 

 

                    (9) 

 
Where,  and  are Poisson's ratios of the two contacts. 

 and  are the elastic modulus of the two contacts.  

and  are the radius of principal curvature and equivalent 
radius of the ball head surface at the contact point.  and 

 are the radius of principal curvature and equivalent 
radius of the ball head at the point of contact. 
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                                                 (10) 

 

                 (11) 

 

Where,  is the angle between the plane where the two 
main radius of curvature  and  exist.  and  
depend on the ratio of  to , and the relationship between 

,  and  is shown in Table 2. 
Table 2. The relationship between α, β and A/B 

 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 0.94 0.99 
 1.070 1.150 1.242 1.351 1.486 1.661 1.905 2.292 3.093 3.824 7.774 
 0.936 0.878 0.822 0.769 0.717 0.664 0.608 0.544 0.461 0.412 0.287 

 
The equation (2)-(4) are substituted into the 

equation (10)-(11) respectively to obtain: 
 

 

                         (12) 

 
 

         (13) 

 
                                   (14) 

 
Where, =4.166 and =0.395 are obtained from Table 2 
by interpolation method. 

In this study, the materials used for the ball-cage flexible 
joint excerpt are 35CrMo, the elastic modulus is 210 GPa, 
and Poisson's ratio is 0.3. According to the formula, the 
length of the contact ellipse of the ball head can be obtained 
as follows: 
 

     (15) 

 

     (16) 

 
The maximum contact stress value of the ball head is: 

 

               (17) 

 
Substitute the equation (5)-(7) into the equation (10)-(11) 

respectively, then we can obtain: 

 

                            (18) 

 

       (19) 

 
                               (20) 

 
It is obtained from Table 2 by interpolation method: 

=3.093, =0.461. 
According to the formula, the length of the contact 

ellipse of the ball seat and the half-axis length are 
respectively: 
 

     (21) 

 

     (22) 

 
The maximum stress value of the tee contact surface is: 

 
                (23) 

 
In the actual construction process, the axial force of the 

flexible joint is small, and the contact stress generated by the 
axial stress is also small. So, it's negligible. 
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4. Result Analysis and Discussion 
 
Fig. 4 shows the structure of ultra-short radius flexible joint. 
The material is 35CrMo, and the specific material 
parameters are shown in Table 3. 

The ball cage flexible joint contains a total of 20 contact 
pairs, and each part is shown in Fig. 5 during the working 
process, the ball key mainly makes rolling and sliding 
movement in the inner and outer raceway. The ball key is set 

as the contact body, meanwhile the ball head and ball seat 
are set as the target body. According to the working state of 
the flexible joint, a fixed constraint is imposed on one end of 
the flexible joint ball head, and a torque (the value is 1.8 
kN.m) is applied on one end of the ball seat. Considering 
that the flexible joint will collide with the guide tube in the 
process of motion, an axial force of 1000 N is applied at the 
end of the ball seat. 
 

 

 
Fig. 4.  Structure of flexible joint 
 
Table 3 Material properties of flexible joint 
Material 
parameters 

Density Young´s 
Modulus 

Poisson´s 
Ratio 

Shear 
Modulus 

Yield 
Strength 

Ultimate 
Strength 

Value 7850 kg/m3 2.1 GPa 0.3 8.1 GPa 835 MPa 980 MPa 
 
 

 
Fig. 5.  The contact stress of each part of the flexible joint 
 

The contact stress of each part was obtained at the 
deflection angles of 0 °, 6 °, 12 °, and 18 ° (the maximum 
angle in the working process of the flexible joint). Fig. 6 
shows the contact stress of the ball seat at the deflection 
angle of 0 °. Fig. 7 shows the contact stress between the ball 
keys and ball seats. Fig. 6 and Fig. 7 show that under the 
action of axial force, the ball key is in contact with the center 
of the ball seat raceway, in which the maximum stress value 
of the ball seat is 940 MPa, and the maximum stress appears 
at the contact point between the 3# ball key and the ball seat. 
Due to the action of torque, the ball key will contact with the 
side of the ball seat raceway, and the stress contour of 
different ball keys and ball seats are roughly the same. 

Notably, an obvious stress concentration is present at the 
contact point between the ball keys and ball seats. 
 

 
Fig. 6.  The contact stress of ball seat 
 

 
Fig. 7.  The contact stress between ball key and ball seat 
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Fig. 8 shows the stress contour diagram of the ball head 
at the deflection angle of 0 °, and Fig. 9 shows the contact 
stress contour diagram between different ball keys and the 
ball head. As shown in Fig. 8 and Fig. 9, the contact stress 
between the ball key and the raceway side of the ball head 
occurs under the action of torque, and an obvious stress 
concentration is present at the contact point between the ball 
key and ball head. The maximum stress value of the ball 
head is 2700 MPa at the contact point between the 6# ball 
key and the ball head. 
 

 
Fig. 8.  The contact stress of ball head 
 

 
Fig. 9.  The contact stress between ball key and ball head 
 

Fig. 10 shows the stress of ball keys when the 
deflection angle is 0 °, and Fig. 11 shows the contact stress 
contour of different ball keys and ball head. As shown in Fig. 
10 and Fig. 11, the contact stress is obviously smaller than 
that between the ball key and the ball seat, and the maximum 
stress value between the ball key and the ball head is 1700 
MPa. The maximum stress appears at the 2# ball key. 
 

 
Fig. 10.  The contact stress of ball key 

 

 
Fig. 11.  The contact stress between ball head and ball key 
 

Fig. 12 shows the contact stress of ball cage when the 
deflection angle is 0 °. Fig. 13 and Fig. 14 show the contact 
stress of the ball cage with the ball seat and the ball head, 
respectively. The contact force between the ball cage, the 
ball seat and ball head are mainly friction, the contact stress 
produced are obviously less than that between other parts, 
and the distribution of contact stress is random. The 
maximum contact stress appears at the right angle of the ball 
cage window and the value is 650 MPa. Due to the ball cage 
window is square, stress concentration appears at the right 
angle. 
 

 
Fig. 12.  The contact stress of ball cage 
 

 
Fig. 13.  The contact stress between ball seat and ball cage 

 
Fig. 15 shows the contact stress curves of flexible joints 

with different deflection angles. A comparison of Fig. 6 with 
Fig. 15 showed an obvious stress concentration in the 
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contact parts among the ball key, ball head, and ball seat. 
The maximum contact stress increased with the increase in 
the deflection angle of the flexible joint. For the flexible 
joints with different deflection angles, the position where the 
maximum contact stress appears is random, but its value is 
less than the maximum contact stress obtained by Hertz 
theory. Among them, the contact stress of the ball key is 
higher and varies greatly with the deflection angle. 
Therefore, the ball key may be considered the most 
dangerous component of the flexible joint, and the diameter 
of the ball key can be appropriately increased to improve 
safety in practical engineering. 
 

 
Fig. 14.  The contact stress between ball head and ball cage 

 
Fig. 15.  Contact stress variation of flexible joints with different 
deflection angles 

 
 
5. Conclusions 
 
To explore the contact force characteristics of flexible joint, 
a novel analytical method for contact stress based on the 
classical Hertz theory was developed. The finite element 
method was used to study the variation of contact stress 
under the weight of bit and torque. The following 
conclusions could be drawn: 

(1) Based on the Hertz contact theory, the maximum 
value of contact stress between the ball key and ball head is 
4068.4 MPa, and the value between the ball key and ball seat 
is 4697.6 MPa. 

(2) The contact stress values in the ball key, inner 
raceway, and outer raceway are concentrative. The 
maximum value of contact stress increases gradually with 
the increase in the deflection angle between the flexible joint. 

(3) When the deflection angle between the flexible joint 
increases from 0 ° to 18 °, the contact stress increases to 220 
MPa. However, the contact position is random on the inside 
of deflection. 

(4) The contact stress of the ball key is the highest under 
drilling loads, and the variation range with the deflection 
angle is large. Therefore, the ball key is the most dangerous 
part of the flexible joint, and the contact stress can be 
reduced by increasing its diameter to ensure safety. 

In this study, a novel analytical method for multibody 
collision contact stress on the flexible joint used in ultra-
short-radius drilling tools is proposed. The results provide a 
reference for the parameter optimization of ball cage flexible 
joints. However, the contact force model will be modified in 
future studies to improve the calculation accuracy due to the 
lack of test data and field data in the current study. 
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