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Abstract 
 

The geology and topography of shallow tunnels subjected to eccentric loads is asymmetric. Compared with deep tunnels, 
shallow tunnels have a supporting structure characterized by a more complex stress state. Moreover, because of the 
uncertainty of parameters of the surrounding rock and the field construction conditions in tunnels, the stress state of the 
primary support cannot be accurately evaluated through theoretical analysis and numerical simulation. To accurately 
analyze the stress state of primary support of the shallow tunnels subjected to eccentric loads, this study proposed a novel 
back-analysis method to evaluate the internal forces of primary support by measuring radial displacement and contact stress. 
According to the stress characteristics of primary support, the primary support was regarded as a circular curved beam, and 
the theory of circular curved beam was used to deduce the analytical solutions of these internal forces. A case study was 
conducted to analyze the internal forces of the primary support obtained using the proposed method. Combined with the 
monitoring data of the tunnel, the internal force of the primary support was inverted, and the difference between the deep-
buried side and the shallow-buried side was analyzed. Results show that the internal force distribution of the primary 
support of the shallow-bias tunnels is obviously asymmetric, and the internal force of the deep-buried side is larger than 
that of the shallow-buried side. This study provides a significant reference for the dynamic design and optimization of 
construction for primary support in shallow-bias tunnels. 
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1. Introduction 
 
The terrain of the central and western regions of China is 
complex, and tunnels account for a large proportion of traffic 
structures. Because of terrain or geological factors, loads on 
the two sides of the supporting structure are asymmetric in the 
portal section of the tunnels, and shallow tunnels subjected to 
eccentric loads are formed. Compared with deep tunnels, 
shallow tunnels subjected to eccentric loads have a more 
complicated stress state, and the possibility of accidents is 
higher. Therefore, accurate calculation of the stress state of 
the support is important to determine a structural design and 
construction scheme of shallow tunnels subjected to eccentric 
loads. 

 However, due to the asymmetric geology and 
topography of shallow-bias tunnels, the surrounding rock load 
on their supporting structure is significantly different from 
that of deep tunnels [1-2]. In addition, uncertain surrounding 
rock parameters and site construction conditions during 
tunnel construction result in extremely complex mechanical 
responses of the surrounding rock and supporting structure 
during tunnel construction. Because of the asymmetry of 
stress and the uncertainty of surrounding rock parameters, 
analyzing the stress state of the supporting structure of 
shallow tunnels by theoretical calculation or numerical 
simulation is difficult. Therefore, the back analysis method is 
an effective means to evaluate the safety of tunnel 
construction [3-4]. However, accurately calculating the 

internal forces of the primary support by using monitoring 
data remains a problem and demands prompt solutions. 

Scholars have conducted numerous studies on the back 
analysis method in geotechnical engineering [5-8]. However, 
most of the existing studies on this method take the 
mechanical parameters of rock mass as the inversion target, 
and there is no means to directly analyze the internal forces of 
the support structure in the tunnel. Research on the back 
analysis theory of the primary support of shallow tunnels 
subjected to eccentric loads is scarce. Therefore, an urgent 
problem to be solved is how to accurately invert the internal 
force of the primary support in shallow tunnels subjected to 
eccentric loads by using the monitoring data. 

This study extensively analyzed the stress characteristics 
of shallow tunnels subjected to eccentric loads. The analytic 
expressions for the internal forces of primary support were 
deduced by using the theory of circular curved beam, and the 
internal force distribution characteristics of the primary 
support of shallow tunnels subjected to eccentric loads were 
analyzed to quickly evaluate the stress states of the primary 
support. This study provides references for the dynamic 
design and optimization of construction in tunnel engineering. 
 
 
2. State of the art  
 
Numerous studies have been conducted on monitoring 
measurements and back analysis of underground structures. 
With elastic modulus, cohesive forces and friction angle of 
the foundation as the inversion target, An et al. [9] proposed 
a back analysis method based on stress and displacement for 
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segment-lined tunnels. This method analyzed the stability of 
mechanically excavated tunnels, but cannot directly analyze 
the stress state of the lining structure. Houda et al. [10] 
proposed a 3D numerical back analysis method for soft soil 
under quasi-static vertical cyclic loading, and compared the 
back analysis results with the experimental results obtained 
on a 3D small-scale model. Applying the theory of similarity 
and linear elasticity equations, Niu et al. [11] took the 
surrounding rock pressure as the back analysis target and 
established a back analysis method that combines model test 
and numerical simulation. However, the internal forces under 
the back-calculation load still deviates from the measured 
value in different degrees. Combining optimization algorithm 
and 3D model, Miranda et al. [12] proposed an inversion 
algorithm of geotechnical mechanical parameters. Janin et al. 
[13] investigated the complex 3D effect of the interaction of 
excavation process, reinforcement, tunnel support load, and 
foundation reaction force by using a numerical inversion 
method in simulation. Tarifard et al. [14] established a direct 
back analysis model based on displacement, and studied the 
creep characteristics of rock and the influence of groundwater 
on the long-term stability of tunnels. However, this model 
cannot describe the stress of tunnels under unsymmetrical 
pressure. Wang et al. [15] proposed an intelligent back 
analysis method based on IA-BP algorithm, and developed 
the corresponding intelligent back analysis program to study 
the creep characteristics of rock mass under stress-seepage 
coupling. This model is applicable to the back analysis of 
multi-field coupling parameters. Lee et al. [16] put forward a 
back analysis model of rock load of multi-arch tunnel with 
cracks based on stress variable method, calculated the rock 
load caused by cracks during excavation, and determined the 
relationship between load strength and deformation modulus 
of rock mass. However, this model cannot evaluate the stress 
state of shallow tunnel lining. Mahmoudi et al. [17] developed 
a univariate back analysis model based on the finite difference 
method, and inverted the rock and soil parameters according 
to the displacement values obtained from tunnel monitoring. 
The results show that the rock and soil parameters extracted 
by back analysis have high accuracy in tunnel design. Yu et 
al. [18] established a deformation parameter inversion model 
for relaxed columnar jointed rock mass based on 
displacement monitoring data. Relaxation factor was 
introduced to describe the deterioration degree of parameters 
of relaxed columnar jointed rock mass. The model was 
verified by the acoustic detection results. An et al. [19] 
developed a back analysis method based on a variety of 
monitoring information by using differential evolution 
algorithm, which can accommodate multiple target variables 
such as elastic modulus of foundation, friction angle, and 
elastic modulus of concrete lining for back analysis. In 
addition, the algorithm can also use monitoring data, such as 
displacement and stress, to evaluate the elastic modulus of 
concrete lining and the performance of reinforced foundation. 
Ghorbani et al. [20] optimized the geomechanical parameters 
of an underground hydropower station cavern in Lavarak, Iran 
by using continuous ant colony algorithm and multivariate 
regression. According to the calculation results, the error 
value of the continuous ant colony algorithm is lower than 
that of multivariate regression. Compared with multivariate 
regression the continuous ant colony algorithm performs 
calculation more accurately to obtain the optimal value. 

The aforementioned results were mainly obtained from 
the back analysis of the mechanical parameters of rocks. 
However, limited studies have been conducted directly on the 
back analysis of the stress characteristics of the primary 

support. The back analysis method of the internal force of 
tunnel support structure based on the elastic foundation beam 
theory provides a new way to evaluate the mechanical 
properties of tunnel support. Wang et al. [21] presented an 
inverse analysis method of the internal force of the primary 
support in the horseshoe tunnel based on the elastic 
foundation beam theory. Chen et al. [22] proposed an 
inversion calculation method of the internal forces of support 
structures in multi-arc tunnels. The aforementioned two back 
analysis studies of mechanical properties of primary support 
based on elastic foundation beam method eliminate the 
dependence on the overlying surrounding rock, and can 
quickly reverse the stress of the non-biased tunnel through 
contact stress, which effectively improves the calculation 
efficiency. However, the calculation assumption is different 
from the actual stress of the tunnel, and the calculation 
method derived from this assumption leads to an obvious 
error. He et al. [23] revised the internal force inversion model 
and established an internal force inversion model of the 
primary support based on radial displacement and contact 
stress, which is more in line with the actual stress state of the 
tunnel. However, this theory is only applicable to deep non-
biased tunnels. 

The above results focus on the inversion of geotechnical 
mechanical parameters. Research on the inversion analysis of 
the internal force of the supporting structure, especially the 
stress of the supporting structure of the shallow tunnels 
subjected to eccentric loads is scarce. This study analyzed the 
stress characteristics of the primary support in shallow tunnels 
subjected to eccentric loads. The internal force inversion 
formulas of the primary support structure in the detachment 
zone and the elastic resistance zone were derived according 
to the theory of circular curved beam. Moreover, the internal 
force distributions of the primary support were discussed. The 
proposed method can quickly evaluate the internal force state 
of primary support of the shallow-bias tunnel to provide a 
reference for the optimization of the primary support design 
and construction in tunnels. 

The rest of this study is organized as follows: Section 3 
establishes a mechanical model and proposes the back-
analysis method for the internal force of primary support in 
shallow tunnels subjected to eccentric loads. Section 4 
discusses the applicability of the method through case studies. 
Finally, section 5 summarizes this study and draws relevant 
conclusions. 
 
 
3. Methodology  

 
3.1 Governing differential equation 
Detachment and resistance zones exist in support structures 
of mountain tunnels. The former bears only active load, while 
the latter bears both active load and passive loads (Fig. 1). The 
contact stress between the surrounding rock and the support 
structure is composed of passive and active loads. The 
existing inverse model of internal force of primary support 
derived from the elastic foundation beam theory does not 
consider the influence of active load [21-22], and its 
calculation assumption obviously deviates from the actual 
stress state of the support structure. In [23], this method was 
modified such that the stress mode of the modified support 
structure was closer to the real state. This study further 
deduced the back-analysis method of the internal forces of 
primary support in shallow-bias tunnel considering the 
asymmetry of topography and geology. 
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Fig. 1.  Load of supporting structure 

 
The cross section of a highway tunnel is generally a multi-

centered circle, and its primary support can be viewed as a 
circular curved beam. The geometric shape of the primary 
support is shown in Fig. 2. The stress diagram of micro unit 

 is shown in Fig. 3, where  is the coefficient of the 
elastic resistance of surrounding rocks,  is the radial 
displacement,  takes the circle center direction as the 

positive direction, and . 

 

 
Fig. 2.  Geometric shape of primary support 

 

 
Fig. 3.  Stress sketch of micro unit 
 

According to the stress balance condition of the micro unit 
and the relationship between the radial displacement of 
curved beam and internal force [23], the fifth-order ordinary 
differential equation can be derived as follows: 
 

              (1) 

 
where  is the radial force generated by active load, 

, ,  is the cross-section 

area, and  is the inertia moment. 
 

Generally, the combined support of steel arch and 
shotcrete is adopted for the primary support of highway 
tunnels (Fig. 4). E is the equivalent elastic modulus and I is 
the equivalent moment of inertia of the cross section. E and I 
can be solved as follows: 

 

                                                 (2) 

 
where  is the elastic modulus of the steel arch, is 

the elastic modulus of shotcrete,  is the moment of inertia 
of the steel arch,  is the moment of inertia of shotcrete,  
is the cross-sectional area of the steel arch, and  is the 
cross-sectional area of shotcrete.  

 

 
Fig. 4.  Combined support of steel arch and shotcrete 
 

The contact stress between the surrounding rock and 
support of the shallow-bias tunnel is radial stress, which can 
be calculated by vertical pressure and lateral pressure of the 
surrounding rock (Fig. 5). The contact stress can be expressed 
as follows: 
 

                               (3) 
 
where  is the vertical pressure and  is the lateral 
pressure.  

 

 
Fig. 5.  Surrounding rock pressure in shallow-bias tunnel 
 

 and  can be expressed as follows: 
 

                                  (4) 

 
Substitution of Eq. (4) into Eq. (3) leads to the following 

equation: 
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                         (5) 

 
where  is the slope of vertical load, ,  is the 
slope angle of the ground,  is the vertical pressure of the 
vault, and  is the weight of surrounding rock. The section 
where the vertical axis of the tunnel lies is utilized as the 
initial section where . The clockwise direction is 
positive and the counterclockwise direction is negative.  is 
the lateral pressure coefficient, and its sign is related to . If 

 is positive, then it takes the positive sign. If  is negative, 
then it takes the negative sign. 

For shallow-bias tunnels, the lateral pressure coefficients 
of the deep-buried side and shallow-buried side are different. 

 and  can be calculated from the measured contact stress. 
Let and , and the following 
equations can be obtained: 
 

                         (6) 

 

                         (7) 

 
The following five-order ordinary radial displacement 

differential equation can be derived by substituting Eq. (7) 
into Eq. (1): 
 

                         (8) 

 
In the detachment zone, the elastic resistance of the 

surrounding rocks is neglected. Thus, , and Eq. (8) 
can be written as: 

 

                            (9) 

 
3.2 Solution of governing differential equation 
Governing differential equation is solved in two cases. 
 
3.2.1 Solution of governing differential equation 
considering elastic resistance 
In the resistance zone, . The governing equation of 
the curved beam is the fifth-order non-homogeneous 
differential equation with constant coefficients (Eq. (8)), and 
its complete solution ( ) is the sum of general solution (

) of the homogeneous differential equation and the 
special solution ( ) of the non-homogeneous differential 
equation, as follows: 
 

                                          (10) 
 

According to the theory of differential equations, the 
general solution of homogeneous differential equation can be 
expressed as follows: 
 

     (11) 

 

where ,  and - are integration 

constants. The special solution of non-homogeneous 
differential equation can be calculated by constant variation 
method: 
 

               (12) 

 
Substituting Eqs. (11) and (12) into Eq. (10), we can obtain 
the complete solution of the governing differential equation: 
 

                        (13) 

 
3.2.2 Solution of governing differential equation without 
considering elastic resistance 
When the support is located in the detachment zone, it only 
bears the active load. , thus, , and the general 
solution of the governing equation is as follows: 
 

                         (14) 

 
Similarly, the constant variation method can be used to 

obtain the special solution of the non-homogeneous 
differential equation as follows: 
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3.3 Internal force analysis of primary support 
The expressions of the internal forces were deduced in [23]. 
The shear force, axial force, and bending moment of the 
support structure are as follows: 
 

                   (17) 

 

                 (18) 

 

         (19) 

 
3.3.1 Internal force of primary support in resistance zone 
In the resistance zone, the expressions of the internal forces 
can be derived by substituting Eq. (13) into Eqs. (17)-(19) as 
follows: 
 

                     (20) 

 
where , , and 
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        (21) 

 
where , and  
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    (22) 

 

where , , , and 

. 
 
3.3.2 Internal force of primary support in detachment 
zone 
In the detachment zone, without consideration of the elastic 
resistance of the surrounding rocks, the expressions of the 
internal forces can be derived by substituting Eq. (16) into 
Eqs. (17)-(19): 
 

    (23) 
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3.3.3 Expressions of internal forces under symmetrical 
load 
Eqs. (20)-(25) can also be used to solve the internal forces of 
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(20)-(22), and the expressions of the internal forces in the 
resistance zone can be obtained as follows: 
 

                           (26) 

 

       (27) 

 

       (28) 

 
 and  are substituted to Eqs. (23)-(25). The 

expressions of the internal forces in the detachment zone can 
be expressed as follows:  
 

                    (29) 

 

                           (30) 

 

      (31) 

 
According to (26)-(31), the expressions are completely 

consistent with that of the deep tunnel in [23], and the 
expressions of the internal forces of support in shallow 
tunnels subjected to eccentric loads can degenerate into the 
formula of the deep tunnel under special conditions. 
Obviously, the proposed back analysis model has universality. 

 
3.4 Solving integral constants based on measured data 
Five displacement data and three contact stress data are used 
to solve the integral constant. First,  in Eq. (3) is 
obtained through the measured contact stress. Second, 
is substituted to the radial displacement Eqs. (13) and (16). 
Five unknown integral constants ( - ) can be obtained 

according to the measured radial displacement data. The 
layout of the measuring points is presented in Fig. 6. 
 

 
Fig. 6.  Layout of displacement and contact stress measuring points 
 

 (the contact stress of the vault) can be directly 
measured. A measurement section is selected in the outer and 
inner detachment zone, and the section angles are  and 
, respectively. The following equations are obtained by 
substituting the measured contact stress data into Eq. (5): 
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According to Eqs. (32) and (33), the lateral pressure 

coefficientsand of the shallow-buried  and deep-buried sides 
(  and ) can be obtained as: 
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 can be derived by substituting Eqs. (34)-(35) into 

Eq. (5). Currently, the non-contact measurement method has 
been extensively utilized in monitoring tunnel measurements. 
The radial displacement can be measured by total station. This 
method can realize efficient and accurate measurement. The 
total station can be employed to measure horizontal 
displacement ( ) and vertical displacement ( ) of each 
measuring point in the cross section. The radial displacement 

 and the tangential displacement  can be obtained 
by using the rotary formula of the coordinate system (Fig. 7): 
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Fig. 7.  Transformation of coordinate system 
 

The measured radial displacement data ( - ) are 
substituted into the radial displacement solution and the fifth-
order linear equations can be obtained, which can be written 
in matrix form as follows: 
 

                   (38) 

 
In the resistance zone, the values of each parameter in Eq. 

(38) are as follows:  
 

, , 
 

, , and  
 

. 

 
In the detachment zone, the lining does not bear the elastic 

reaction force of the surrounding rock. The parameters in Eq. 
(38) are as follows:  

 
, , , , and 

 

. 

 
We substitute the measured radial displacement data into 

Eq. (38) and derive the following expression: 
 

                   (39) 

 

After solving the integral constant, we can inverse the 
internal forces of the primary support of the shallow tunnels 
subjected to eccentric loads by substituting -  into the 
analytical expressions of internal forces. 
 
 
4 Result Analysis and Discussion 

 
The Shizishan tunnel (Fig. 8) is located in Guiyang city, 
Guizhou province in China. The length of the tunnel is 362 m 
and the cross section is a three-centered circle. The tunnel was 
excavated using the step method. The shape of the upper 
bench is close to a semicircle arch and the central angle of the 
upper bench is 180°. The primary support of the longitudinal 
unit length of the tunnel is taken as the calculation object. The 
geometric parameters of the upper benching section of the 
primary support are listed in Table 1, and the material 
parameters are listed in Table 2. 
 
 

 
Fig. 8.  Photo of the Shizishan Tunnel 
 
Table 1. Geometric parameters of upper bench 

Shotcrete 
thickness 

 

Excavation 
radius 

 

Inner radius 
 

cross-sectional 
area of the steel 

arch 
 

0.20 5.80 5.60 1443 

 
 
Table 2. Material parameters 

Elastic modulus of 
steel arch 
  

Elastic modulus of 
shotcrete 

 

Coefficient of elastic 
resistance of 

surrounding rocks 
 

206 20 400 
 

K0+060 is the shallow-bias section with a slope angle of 
16°. The contact stress is measured by the earth pressure cell 
(Fig. 9), and the displacement is measured by the total station 
(Fig. 10). The measured values tend to be stable after 30 days 
of excavation. The contact stresses between the surrounding 
rocks and the shotcrete as well as displacement at the 
measuring points after 30 days of excavation are presented in 
Tables 3 and 4. 
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Fig. 9.  Earth pressure cell 
 

 
Fig. 10.  Displacement measurement 
 
Table 3. Contact stress 
Number of measuring 

points  
 Contact stress  

 

1 -1.571 23.2 
2 0 47.5 
3 1.571 14.1 

 
Table 4. Vertical and horizontal displacement 

Number of 
measuring 

points  
   

1 -1.571 12.6 1.2 
2 -1.047 6.4 3.8 
3 0.000 -0.2 27.3 
4 1.047 -3.9 2.9 
5 1.571 -5.2 1.0 

 
The sign of measured radial displacement is positive, 

indicating that the upper bench of the primary support 
developed free deformation at this stage. Meanwhile, the 
surrounding rock has no elastic resistance to the support. 
Therefore, the internal force of the support structure should 
be calculated according to Eqs. (23)-(25). The vertical load 
component and lateral pressure coefficient can be obtained by 
substituting the data in Table 3 into Eqs. (34)-(35). The data 
in Table 4 is substituted into Eq. (39) to solve the integral 
constant. The internal force can be obtained by substituting 
the integral constant and load parameters into the derived 
expressions of the internal forces. The internal forces are 
illustrated in Figs. 11-13. 
 

 
Fig. 11.  Shear force of primary support 

 
Fig. 12. Axis force of primary support 
 

 
Fig. 13.  Bending moment of primary support 

 
Figs. 11-13 show that the internal forces of the deep-

buried and shallow-buried sides show obvious asymmetry, 
and the internal force of the deep-buried side is larger than 
that of the shallow-buried side. The shear force is positively 
correlated with the section angle. The maximum shear force 

( )radq ( )p Kpa
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is at the arch springing ( ), and the maximum shear 
force at the deep-buried side is 1.3 times that at the shallow-
buried side. During the construction process, the whole 
section of the primary support is compressed, and the axial 
force increases first and then decreases with the increase of 
. The axial force reaches the maximum value at . 
Meanwhile, the vault is the section with the maximum 
positive bending moment. With the increase of , the bending 
moment gradually decreases, and the shallow-buried side arch 
springing bears negative bending moment. 
 
 
5. Conclusions 
 
To evaluate the internal forces accurately, we developed a 
back-analysis method based on radial displacement and 
contact stress. This method can be used to estimate the 
internal forces of the primary support in shallow tunnels 
subjected to eccentric loads. A case study was conducted to 
analyze the mechanical characteristics of the primary support 
obtained using the proposed methods. The following 
conclusions could be drawn: 

(1) The internal forces in the deep-buried side and 
shallow-buried side are asymmetric. The internal force of the 
deep-buried side is larger than that of the shallow-buried side. 
Therefore, the stress state of the shallow tunnels subjected to 
eccentric loads is more complicated than that of the deep 
tunnel. 

(2) The shear force is positively correlated with the cross-
section angle. The shear force at the arch springing is the 

maximum, while the axial force increases at first and then 
decreases with the increase of . The bending moment is 
negatively correlated with the cross-section angle and the 
bending moment of the vault is the maximum. 

(3) The vault and arch springing sections of the supporting 
structure bear large bending moment and axial force, and are 
prone to cracking and water leakage. Secondary shotcrete can 
be used to strengthen the support, and the construction of 
lower benching and inverted arch should be implemented as 
soon as possible. 

 Thus, the analytical back-analysis method was proposed 
to quickly evaluate the internal forces of the primary support 
in shallow tunnels subjected to eccentric loads. However, due 
to the lack of onsite monitoring data, future study should 
modify the model combined with the monitoring data to more 
accurately understand the stress characteristics of the primary 
support of tunnels under complex geological conditions. 
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