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Abstract 
 

Ultra-high performance concrete (UHPC) characterizes by a significant tensile strength that cannot be neglected in 
structural analysis, besides more than 150 MPa compressive strength, high ductility, durability, and toughness. The 
available analytical methods for traditional concrete beams disregard the tensile strength and strain-softening behavior in 
tension and compression; therefore, they are not suitable for analyzing UHPC beams. This paper presents a theoretical 
study to predict the flexural capacity of UHPC beams based on an analysis method that considers the effect of material 
properties. Predicting the bending moment in singly and doubly reinforced UHPC beams depends on adopting a simplified 
tensile and compressive constitutive response of UHPC.The procedure adopts several factors that affect the behavior of 
UHPC upon loading. Previous factors like volume fraction, shape, length, diameter, and orientation of fibers are considered 
for estimating the tensile stress and a bending moment of UHPC. In addition, a new factor related to silica fume content is 
adopted to estimate the bonding force between fibers and the matrix and the tensile stress. Also, the initial tensile strength 
of UHPC is deemed in the tensile stress equation due to the dual action of fibers on confining the matrix and the bridging 
effect by transferring the stress upon cracking. The equations are proposed for counting the tensile stress, neutral axis 
position of the beam section, and bending moment. These equations agree with the experimental results for tensile stress 
and a bending moment of beams implemented by other researchers. 
 
Keywords: UHPC, steel fibers, compressive strength, tensile stress, flexural analysis  
____________________________________________________________________________________________ 

 
1. Introduction 
 
Fiber-reinforced concrete (FRC) was introduced as the most 
effective method to overcome the brittleness and enhance the 
tensile strength [1, 2]. FRC enhances the stress-transfer 
capacity beyond concrete cracking by strain-softening 
behavior [3]. Fibers transfer the stress across the crack, 
between the two sides of the matrix; therefore, they improve 
the post-cracking tensile behavior and enhance the ductility, 
load-carrying capacity, and toughness of concrete [4, 5].   
 Continuous development in concrete technology has 
produced ultra-high performance concrete (UHPC) in the 
1990s. UHPC represents an advanced generation of cement-
based composites consisting of fine and ultra-fine 
cementitious materials [6]. The coarse aggregate is omitted to 
approach the homogeneity. The water to cementitious 
materials ratio (w/cm) is reduced to minimize the porosity and 
enhance the strength. UHPC depends on optimizing the 
packing density of the composite [7]. It exhibits outstanding 
features in compression, tension, and flexural behavior, 
besides durability, stiffness, and toughness due to using steel 
fibers [2, 4, 8]. 
 The use of UHPC has significant benefits on the size and 
the structural behavior of the members [9]. Yoo and Yoon [6] 
recommended that the very high strength of UHPC could 
reduce the weight of the structural element by about (⅓ to ½) 
the element weight of conventional concrete subjected to the 
same loading.  

 There have been several studies to determine the bending 
strength of FRC beams [9, 10, 11, 12, 13, 14, 15]. Oh [11] 
derived a set of equations for calculating the flexural strength 
of fibrous reinforced concrete beams. Oh's equations consider 
the effect of three fiber-related parameters. Fiber orientation, 
fiber length, and bonding features of fibers were applied to 
predict the fibrous concrete strength. 
Khalil and Tayfur [9] proposed the same set of Oh equations 
with some moderated and concluded values to predict the 
flexural strength of UHPC beams. They neglected the matrix 
tensile strength as Oh assumed and considered the same 
parameters for fibers adopted by Oh [11]. Rjoub [12] also 
proposed a set of equations to predict the moment capacity of 
steel fiber reinforced concrete beams. Yoo et al. [13] adopted 
micromechanics-sectional analysis to anticipate the flexural 
strength of UHPC beams. They regarded the pre-cracking and 
post-cracking tensile behavior of UHPC in the derived 
equations. 
 
 
2. The Study's Significance  
 
The available equations for analysis and design of the 
traditional beams disregard the concrete tensile strength, 
while UHPC exhibits considerable tensile strength. On the 
other hand, the very few available methods for the analysis of 
fibrous concrete underestimate the beam capacity that UHPC 
beams can withstand. Therefore, there is a need to study the 
bearing capacity of UHPC beams in flexure.  
 This study presents a method for predicting the bending 
moment of reinforced UHPC beams having different types 
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and volume fractions of fibers. The prime variables that 
influence the structural behavior of UHPC in compression 
and tension are adopted to predict the tensile stress, the 
location of the neutral axis of the beam section, and the 
bending moment of the UHPC beam. A new factor 
representing silica fume content, which affects the bonding 
strength between fibers and the matrix, is adopted to estimate 
the beam tensile stress. That is because the silica fume content 
affects the bond force between concrete components on the 
one hand and between the matrix and the fibers on the other 
hand. Also, the tensile strength of the matrix is considered and 
not neglected, as Oh [11] and Khalil and Tayfur [9] assumed, 
because it provides an initial resistance to forming cracks in 
the tensile part of the beams, then is followed by resisting 
bonding between the fibers and the matrix. The study depends 
on previous experimental work conducted by the author and 
some studies of other researchers. 
 
 
3. Behavior of UHPC in Tension and Compression 
 
UHPC exhibits reasonable tensile behavior as the tensile 
strength is about 4-8 times that of NSC [9]. The fibers 
dispersed in the matrix provide relatively high confinement, 
which increases the tensile strength and hinders the 
emergence and then propagation of cracks. When cracks 
arise, the fibers bridge them to provide more stiffness. 
Therefore, pre-cracking and post-cracking tensile stress 
effectively influence the behavior of beams upon loading 
[16]. Tensile strength primarily depends on bond strength, 
which is affected by silica fume content, fibers' content, 
shape, diameter, and length.  
 On the other hand, strain hardening and strain softening in 
compression affect the beam behavior upon loading [16]. The 
ultra-high-strength increases the compressive area by 
lowering the depth of the neutral axis from the top of the beam 
section, which in turn increases its bendability. Therefore, the 
analysis of the bearing capacity of beams needs analysis of 
the behavior of the constituted concrete in compression and 
tension in terms of strength and corresponding strains, besides 
the area and yield stress of tensile rebars. 
 
 
4. Flexural Behavior of UHPC Beams Upon Loading 
 
Adding steel fibers to concrete can improve the flexural 
moment, stiffness, and cracking pattern of reinforced concrete 
beams, while ductility might be reduced because of crack 
localization [17]. Several researchers [18, 19, 20, 21] stated 
that increasing the volume fraction of fibers can inversely 
affect the flexural ductility of low reinforced beams. 
Therefore, a high reinforcement ratio is required in UHPC 
beams to benefit from the ultra-high compressive strength and 
deflection capacity. Husgul et al. [17] found that an increase 
of 23-50 % in moment capacity was obtained when using 
fibers in UHPC compared to the moment of non-fibrous ones. 
More increment in the moment was obtained in low 
reinforced beams. When the reinforcement ratio increased, 
the contribution of the fibers to the beam capacity decreased 
[17].  
 Upon loading the reinforced UHPC beam, several micro-
cracks develop in the flexural zone. After first cracking, new 
micro-cracks initiate between the existing ones upon 
increasing the load. Most cracks propagate toward the upper 
face, while the pre-cracks do not widen until the stress is 
concentrated at the critical one to cause the failure [15, 16]. 

This behavior indicates the ability of fibrous UHPC to 
redistribute the stresses along the beam sections and 
withstand high flexural stresses. 
 The pullout of fibers from the matrix occurs when the load 
carried by fiber overcomes the bond strength. The stress of 
failed fiber is transmitted to the neighboring one to bear 
higher stress and likewise fails when the stress it sustains is 
greater than the bonding strength. This process continues until 
all the fibers in the crack region have withdrawn [15, 16].  
 Many factors affect the tensile strength of UHPC and, to 
a lesser extent, the compressive strength. Those factors must 
be considered in the analysis and design of UHPC beams. The 
factors adopted in this study are as follows;  
 
4.1. Volume fraction of fibers 
Increasing fibers' content raises compressive and tensile 
strength for a limited volume fraction. However, adding steel 
fibers improves the tensile strength more than the 
improvement of compressive strength [2, 16].   
 Lee et al. [22] found that the fiber stress increases in HSC 
with increasing volume fraction higher than in NSC, which 
refers to increasing the bonding strength. The stress increment 
decreases as the fibers' volume fraction increases from 0.5 to 
2.0. That means the fiber efficiency decreases as the volume 
fraction increases.  
 
 4.2. Fibers shape 
Wille et al. [23] demonstrated that the addition of twisted steel 
fibers improved post-cracking tensile strength more than 
short straight fibers in UHPC. That improvement was due to 
increasing the contact area between the matrix and fiber. The 
increment ratio can estimate to be 20% [9,24].  
 
4.3. Fibers length and diameter 
Yoo et al. [13] stated that the longer the straight steel fibers, 
the higher the flexural capacity than the shorter ones. Also, 
the higher the aspect ratio of fibers, the higher flexure, 
deflection capacity, and absorption energy. These 
improvements resulted from expanding the effective bonding 
area between fibers and the contact matrix. It was evident that 
bonding strength increases with increasing fiber's length and 
decreasing its diameter.  
 
4.4. Fibers orientation 
The orientation and uniform distribution of the fibers through 
hardened concrete have a significant role in the resulting 
tensile and flexural strength. When the direction of fibers is 
perpendicular to the applied load with uniform spacing 
distribution among them, the tensile strength is higher than 
that of inclined or irregular distributed fibers [2].  
 The pouring process and the flowability of UHPC affect 
the fibers' orientation in the structural elements [15]. For 
attaining the best results, the flowing of fibrous concrete 
should be poured into the mold or framework from one side 
with vibration to maintain a one-direction fibers flow [2, 16]. 
 
4.5. Silica fume effect 
Chan and Chu [25] experimentally studied the effect of silica 
fume content on the bond strength and pullout energy of steel 
fibers in the UHPC matrix. They found that adding silica fume 
could effectively enhance the bond strength between fibers 
and the matrix. The optimum silica fume content ranged 
between 20 -30 % of cement content.  
 Silica fume contributes to improving the packing density 
and reducing the relatively large calcium hydroxide crystals 
in the microstructure of the concrete by reacting with them 
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[25, 26], providing a high percentage of calcium silicate 
hydrates (C-S-H), reducing the pore size, and thus increasing 
bonding strength to the adjacent fibers. 
 For obtaining the best performance of using silica fume in 
the mix, the concrete should be heated at (80-90) °C. Heat 
treatment accelerates the reaction between calcium hydroxide 
produced on cement hydration and SiO2 in silica fume to 
produce more products of C-S-H [2, 27].  Increasing silica 
fume content raises the modulus of rupture of UHPC. 
However, the increment range decreases as the silica fume 
content increase up to 30 % [16, 28]. 
5. The bond strength between fibers and UHPC Matrix  
 
A mutual transfer of stresses between concrete matrix and 
fibers is the relation that controls the bearing capacity and 
stiffness of the UHPC and SFRC beams [29]. The stress 
transfer relates to the bond force between steel fibers and the 
contact matrix, which can depict as a frictional force between 
them.  
 
6. Compressive Behaviour of UHPC in the Beam Section 
 
Based on research findings [2, 3, 14, 16, 30], UHPC exhibits 
a linear behavior up to approximately 80% of its compressive 
strength (f'cf). The strain reaches (0.0028-0.0032) at 
compressive strength and continues to (0.0038-0.0044) at 
fracture. Fig. 1.a shows the compressive stress-strain relation 
of UHPC, which can consider for beam-section analysis. 

 
a) 

 
b) 

Fig. 1. Stress-strain relationship of UHPC in compression a) 
Compressive stress – strain of UHPC and b) Compressive stress- strain 
relation as unit. . 
 
 The linear behavior of UHPC to 80% of the compressive 
strength does not indicate that the cracks started at that stress 
which means they may have begun before that stress, where 
the presence of fibers hindered its progress. Therefore, the 
beginning crack-stress can be adopted at 50% of compressive 

strength, and the cracking strain can be calculated as follows; 
 
𝜀!" =

#.%	'(!"
)!

                                                     (1) 
 
6.1.  Equivalent Compressive Stress of UHPC in 
Sectional Analysis 
The compressive force of a rectangular section of UHPC 
beam is equal to the product of the area under the compressive 
stress-strain curve by the section width. The resultant force 
can be computed by the integration method or summation of 
the finite elements by the trapezoidal technique. For 
Simplicity, the equivalent stress block of UHPC compressive 
behavior, which was first time introduced in 1947 by Witney, 
is adopted in this study. The area of a stress-strain curve can 
be calculated as shown in Fig. 1.b. The analysis depends on 
the following data; 
 
Ɛuf =0.0042 Ɛo =0.003 f'cf = 151.24 MPa    (2) 
 
 For estimating the area of the stress-strain curve, the 
ultimate strain and the compressive strength are assumed to 
be unity, as illustrated in Fig. 1.b; 
 
Ɛcu =1.0 and f'cf =1.0, 
 
 Thus, the total area under the compressive stress-strain 
curve = 0.6235, and the moment of the area about σc-axis 
(neutral axis) = 0.3815 
 The centroid of the area under curve from σc-axis (neutral 
axis) = 0.612, 
 And the location of the center from beam top = 1- 0.612 = 
0.388 ≈ 0.39 
 To find the equivalent rectangular area of compression 
stress: Let length of rectangle equal to twice the centroid 
distance from σc-axis for coinciding the centroid of rectangle 
with that of the area under the curve. 
 Hence, the length of the rectangle = 0.388 × 2 = 0.776 ≈ 
0.78, which represents the distance from the upper 
compression fiber of the beam toward the neutral axis 
position. 
 Then, the rectangle area = 0.78 c × γ f'cf.  
 The equivalent compressive strength = 0.8 f'cf, as shown 
in Fig. 2.  
 
 
7. Tensile Behavior of UHPC in the Beam Section 
 
Several methods have been improved to predict the tensile 
strength of steel fiber concrete. Although these methods differ 
in their approaches, they share the same criteria on which the 
tensile strength depends. These criteria include fiber 
orientation, volume fraction, fiber efficiency, and bond 
strength [22, 31].   

 
a) 
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b) 

 
c) 

Fig. 2. Compressive strain, stress, and equivalent stress block of UHPC 
in the beam section a) Compressive strain, b) Real Compressive stress 
and c) Equivalent compressive stress. . 
 
 
 For simplicity, the adopted tensile stress-strain 
relationship in this study consists of ascending linear portion 
up to tensile strength, which represents the elastic behavior of 
UHPC. The regression portion after peak stress describes the 
strain-softening until failure by the pullout of all fibers at the 
crack path. Such behavior can stand for stiffness degradation 
due to cracking and debonding fibers from the matrix. The 
strain-softening is assumed to reach 24 times the cracking 
strain to explain the gradual stiffness loss with the progressive 
debonding of fibers from the matrix and widening the crack 
until debonding of the whole fibers at 24 Ɛcr. The estimated 
cracking strain (Ɛcr) for UHPC is between (0.00025-0.0005). 
The crack strain can be calculated as follows: 
 
𝜀!" =	

'#
)!

                                      (3) 
 
 Modulus of elasticity is assumed to be the same one 
calculated from compressive stress-strain relation. 
 According to the above tensile stress-strain relation, the 
maximum strain that concrete reached is 0.0048-0.0072, 
which is consistent with what aforementioned that the strain 
upon failure approaches 0.01 [32, 33]. Thus, the stress-strain 
relation of UHPC in compression and tension can visualize in 
Fig. 3.  
 

 
Fig. 3. Stress-strain relationship of UHPC in compression and tension. 

 
 
7.1.  The equivalent Tensile stress of UHPC in Sectional 
Analysis 
To convert the triangular area of tensile stress into an 
equivalent rectangular one, it must match the centroid of the 
two areas, as follows; 
According to Fig. 4 and from tensile strain diagram; 
 
*!$

+,	*!$
=	 -%

(/0!)
   ,        𝑦2 =	

(/0!)
+,

                 (4) 
 
 From the triangular tensile stress diagram of Fig. 4, the 
tensile force (Ft) is; 
𝐹3 =

'#
+
	(ℎ − 𝑐)          (5) 

 

 
Fig. 4. Tensile strain, stress, and equivalent stress block of UHPC in the 
beam section. 
 
 
 From the rectangular tensile stress diagram of Fig. 4, the 
tensile force (Ft) is; 
 
𝐹3 = 	𝛼	(ℎ − 𝑐)𝜎3        (6) 
 
 By equating equations (5) and (6); 
 
𝜎3 =	

2
4
	'#
+
        (7) 

 
 To find the centroid of the triangular area, the first 
moment of triangular area is taken around the neutral axis; 
 
𝑀5.6. =	

'#
+
	𝑦2 .

+
7
	𝑦2/ +

'#
+
	[	(ℎ − 𝑐) − 𝑦2][𝑦2 +

2
7
{(ℎ − 𝑐) −

𝑦2}]                    (8) 
 
 Replacing y1 by (/0!)

+,
 ; 

𝑀5.6. =	
+%	'#
2,,

	(ℎ − 𝑐)+       (9) 
 
 The area of triangle; 
 
𝐴 =	 '#

+
(ℎ − 𝑐)      (10) 

 
 Thus, the centroid of the triangle area from the neutral axis 
is; 
𝑦7 =

8
6
= %#

2,,
(ℎ − 𝑐) ≈ 0.35	(ℎ − 𝑐)      (11) 

 
 To coincide the centroid of rectangular area with the 
triangular one; 
 
𝛼	(ℎ − 𝑐) = 2 × 0.35	(ℎ − 𝑐) = 0.7	(ℎ − 𝑐)  (12) 
 
 The tensile force of rectangular area is; 
𝑇!' = 0.7	𝜎3𝑏	(ℎ − 𝑐)     (13) 
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7.2. The bonding strength and tensile stress 
Before matrix cracking and at an early stage of loading, the 
tensile behavior of fibrous matrix can describe as elastic shear 
at the interface of steel fiber and matrix [34]. That means the 
bond stress can describe as frictional stress between the 
concrete matrix and the fiber, as shown in Fig. 5. Therefore, 
the matrix withstands the tensile stress firstly regarding the 
confinement effect of steel fibers to increase the tensile stress 
[16]. After cracking, the steel fibers resist the stress. 
Therefore, the tensile stress of UHPC depends on matrix 
tensile strength without fibers and fiber action after crack 
initiation.  
 

 
Fig. 5. The friction force between fiber and matrix. 
 
 
 The bond force between concrete matrix and fibers (τb) 
depends on fiber type, length, and diameter, besides the 
compression force of the surrounding concrete. The bond 
increases with increasing fiber length and decreasing 
diameter. 
 The friction coefficient can be calculated depending on 
the modulus of rupture of UHPC (frf), where; 
 

𝐹9 = 	𝜇	𝐹! , where Fb is the bonding force, Fc is the UHPC 
compressive force, and μ is the coefficient of friction 
between fiber and matrix                (14) 
 
N = Fc (the normal force acting on the area surrounded the 
fiber)               (15) 
 
Fb = frf b h    for prism with cross-section of (b x h),          (16) 
 
Fc = f'cf × A cylinder              (17) 
 
𝜇 = '$"	9	/

'(!"		6!&'
          where, Acyl =π/4 (Dcyl.)2  (18) 

 
 An experimental test was conducted on prisms and 
cylinders [16], as listed in Table 1. The friction coefficient can 
be calculated according to equation (18). 
 
Fb = 0.114 Fc       (19) 
 
 The bond strength for one fiber (𝜏9) :   𝜏9 =

:(
6!)*#

,    Acont 
is the surface area along the length of fiber; 
 
Acont = π df lf       (20) 
 
𝜏9 =

#.22,	:!
;	<"="

        (21) 

 

 
Table 1. Average of coefficient of friction between steel fibers and UHPC matrix. 

Vf % 
Cylinder 

compressive 
strength, MPa 

Modulus of 
rupture(frf), 

MPa. 
Fc =f'cf *A cyl. Fr = frf * b*h 𝝁 𝝁 avg. 

0.5 112.53 20.00 883.809 98.00 0.111 
0.114 1.0 127.00 23.55 997.456 115.40 0.116 

1.5 137.20 25.05 1077.566 122.75 0.114 
 
 
7.2.1. The compression force (Fc) subjected on fiber from 
concrete 
Let the compression stress on the fiber is resulted from a 
square area with length (lf) over the fiber, in a cube element 
with length (lf), as shown in Fig. 6. 
 
Fc = f'cf * A = f'cf *(lf) 2       (22)  
 

 
Fig. 6. A cube element to represent the concrete surrounding the fiber. 
 
 
 By considering the quantity of fibers (Vf), the bond 
strength in the cube element becomes; 
 

𝜏9 =
#.22,	'(!"	(="

,)

;	<"="
	𝑉' = 	0.036	𝑓′!' 	G

="
<"
H𝑉'    (23) 

7.2.2. To consider the orientation of fibers 
Let half the fibers be oriented by 45 degrees with the 
horizontal line while the other half is straight. 
 
τb avg. = {	0.036	𝑓(!' G

="
<"
H 𝑐𝑜𝑠 45 + 0.036	𝑓(!' G

="
<"
H}	𝑉'/ 2 

       (24) 
 
τb avg. = 0.031	𝑓(!' G

="
<"
H	𝑉'    (25) 

 
7.2.3. To consider the shape of the fibers  
A fiber shape factor (αb) is used with the above equation, 
where; 
 
αb = 1.0 for straight fiber, and  
 
αb = 1.2 for crimped or hooked ends fiber. The equation of 
bond strength will be; 
 
τb avg. = 0.031	𝛼9	𝑓(!' G

="
<"
H	𝑉'     (26) 

 
7.2.4. To consider the effect of silica fume content  
Silica fume content affects the bonding strength between 

tσ 

fl 
fl 

fl 
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fibers and the matrix. Therefore, it must be considered in 
calculating the bonding strength. Hence, the bond strength 
can be calculated as follows; 
 
τb avg. = 0.031	𝛼9	𝛽>:	𝑓(!' G

="
<"
H	𝑉'                  (27) 

 
𝛽>:  represents the silica fume effect factor on the bond 
strength of UHPC. 
 
βSF = 1.0 when Silica Fume content ≥ 25% of cement content. 
      = 0.7 for Silica Fume content = 20% of cement content. 
      = 0.5 for Silica Fume content ≤15% of cement content. 
 
7.3. The tensile stress 
As stated previously, the matrix firstly resists the tensile stress 
due to the confinement effect of steel fibers. The matrix 
strength is assumed to be (6.0) MPa depending on the data 
presented by Khalil and Tayfur [9] for the tensile strength of 
UHPC without fibers. The tensile stress is calculated as 
follows; 
 
𝜎3 = 2	𝜏9	?@A + 6.0     (28) 
 
𝜎3 = 0.062	𝛼9𝛽>:	𝑓′!' 	G

="
<"
H𝑉' + 6.0	     (29) 

 
8.   Sectional Analysis of Rectangular UHPC Beam 
UHPC beams exhibit bearing capacity even after cracking and 
show tensile strain to a wide range. The ultimate strength 

method can be used to analyze and design UHPC beams since 
it depends on the maximum load that can withstand before 
fracture, i.e., when the concrete compressive and tensile 
stresses reach the highest values, besides yielding the tensile 
rebars. Accordingly, some assumptions can be considered for 
the analysis and design of UHPC beams, as follows; 
a) The stresses at failure are non-linear, while the strains are 
assumed to be linear.  
b) The ultimate strain at fracture of UHPC in compression 
approaches 0.0042. 
c) The highest tensile strain at rupture of UHPC reaches 24 
Ɛcr. 
d) A bilinear relation is considered for the tensile behavior 
of UHPC.  
e) The concrete pouring into the mold or framework is done 
from one end.     
 
8.1 Flexural Moment Equations 
8.1.1. Bending Moment of Singly Reinforced UHPC 
Rectangular Beam 
According to Fig. 7, the equilibrium condition inside the 
rectangular section gives; 
 
𝐶! = 𝑇B +	𝑇!'      (30) 
 
0.8	𝑓′!'	(0.78	𝑐)	𝑏 = 	𝐴B	𝑓- + 0.7	𝜎3	𝑏	(ℎ − 𝑐)  (31) 
 
0.624	𝑓′!'	𝑐	𝑏 + 0.7	𝜎3	𝑐	𝑏 = 	𝐴B	𝑓- + 0.7	𝜎3	ℎ	𝑏    (32) 
 

 

Fig. 7. Singly reinforced UHPC beam cross-section with strains and stresses action. 
 
 
 The distance of neutral axis from the top of section is;  
 
𝑐 = 	 6-	'&C#.D	E#	9	/

F	#.G+,	'.!"C#.D	E#H9
       (33) 

 
 By taking a moment about the compression force axis, the 
bending moment is; 
 
𝑀I =	𝑇B(𝑑 − 0.39	𝑐) +	𝑇!'	{0.35(ℎ − 𝑐) + (𝑐 − 0.39	𝑐	)}    
                (34) 
 
𝑀I =	𝐴B	𝑓-	(𝑑 − 0.39𝑐) + 0.7	𝜎3	𝑏	(ℎ − 𝑐)(0.35ℎ +
	0.26	𝑐)                (35) 
 

8.1.2 Bending Moment for Doubly Reinforced UHPC 
Rectangular Beam 
According to Fig. 8, the equilibrium inside the section; 
 
𝐶! + 𝐶B = 𝑇!' + 𝑇B        (36) 
 
0.8	𝑓′!'	(0.78𝑐)	𝑏 +	𝐴B(𝑓B( =	𝐴B𝑓- + 0.7	𝜎3	𝑏	(ℎ − 𝑐)	   (37)  
 
𝑐 = 	 6-	'&06-

.'-.C#.D	E#9	/

F#.G+,	'.!"C#.D	E#	H9	
         (38) 

 
𝑀I =	𝐴B𝑓-(𝑑 − 	0.39𝑐) + 0.7	𝜎3	𝑏	(ℎ − 𝑐)(0.35ℎ +
0.26𝑐) + 𝐴B(𝑓(B(0.39	𝑐 − 𝑑

()      (39)  
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Fig. 8. Doubly reinforced UHPC beam cross-section with strains and stresses action. 
 
 
 For checking the compression rebar whether the yield has 
arrived or not, strain compatibility is considered; 
*(-

#.##,+
=	 !0<(

!
 , and 𝜀′B = 0.0042	(!0<(

!
)  (40) 

 
𝑓′B = 𝜀′B	𝐸B, and    Es = 200000 MPa   (41) 
 
𝑓′B = 840	(!0<

.

!
)  ≤ fy     (42) 

 
 
9. Verification of the proposed equations with the 
experimental results 
 
Experimental results of the UHPC beam moments 
implemented by several researchers were compared with the 
moment calculated from the proposed equations for verifying, 
as illustrated in Table 2 for singly reinforced UHPC beams 
and Table 3 for doubly reinforced UHPC beams. The beams 
executed by other researchers were rectangular with different 
dimensions and different height to width (h/b) ratios. The 
proportions, aspect ratio, and shape of fibers were also 
variable. 
 For singly reinforced UHPC beams, it can be seen from 
Table 2 that there were slight variations between the 
calculated moments and the experimental ones for different 
compressive strength (102.9-196.7) MPa and different beam 
sizes. The variation ranged between (0.88 – 1.12) for regular 
rectangular beam sections (rectangular beams with h/b greater 
than 1.0) except for the results computed for Khalil and 
Tayfur beams. For shallow beams with a depth to width ratio 
of 0.5, the variation was between (0.98 -1.19). Thus, the 
equations underestimated the experimental results of the 
shallow beam with an h/b ratio of 0.5. Therefore, a 
magnification factor is required for this case, and more data 
is needed to find such a factor. Fig. 9 compares the 
experimental to the calculated moments by the proposed 
equations for singly reinforced UHPC beams.  
 For the results of the moment of Khalil and Tayfur [9] 
beams, the equations overestimated the experimental results. 
The variations may be because the steel reinforcement bars 
did not reach the yielding stress (fy =461 MPa) since the 
research did not include the arrival of rebar yielding. 
 

 
Fig. 9. Comparison of experimental and predicted moments of singly 
reinforced UHPC beams. 
 
 For doubly reinforced UHPC beams, the ratio between 
experimental to calculated moment ranged between (0.88-
1.10). Fig. 10 illustrates the practical and computed moments 
for doubly reinforced UHPC beams. Generally, the moments 
resulting from the proposed equations reasonably agree with 
the experimental results. 
 It was also noticed that the beams in which concrete was 
poured from the middle of the mold awarded less bearing 
capacity than the ones cast from one end and allowed the 
concrete to flow to the other end to fill the mold, as shown in 
Table 2 for the third and fourth beams of Yang et al. [15]. 
 According to the compared results in Table 2, the 
compressive area of the beam section increases with the 
increase of the tensile reinforcement ratio. That leads to an 
increase in the bending resistance of the beam when the 
compressive strength is constant. On the other hand, the 
increase in the area of tensile reinforcement with increasing 
compressive strength leads to increasing the compressive 
region of the beam section. These results are in agreement 
with the proposed equations. 
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Table 2. A comparison between calculated moment by the proposed equations to the experimental results of some researches 
for singly reinforced UHPC beams 

Author(s) As 
mm2 

fy 
MPa 

f'cf 
MPa 

Vf 
% lf/df b 

mm 
h 

mm 
d 

mm 
Pu 
kN 

av 
m 

Mexp 
kN-m 

σt 
MPa 

c 
mm 

Mcalc. 
kN-m 

Mexp/ 
Mcalc 

Khalil 
and 

Tayfur 
[9] 

226 461 137 0 - 150 250 210 79 0.6 23.7 6 19.45 34.53 0.69 
226 461 140 0.5h+ 50 150 250 210 84 0.6 25.2 7.302 21.33 37.33 0.68 
226 461 144 0.5c++ 50 150 250 210 82 0.6 24.6 7.34 20.83 37.44 0.66 
226 461 141 0.75h 50 150 250 210 92 0.6 27.6 7.97 22.33 38.75 0.71 
226 461 143 0.75c 50 150 250 210 86 0.6 25.8 7.995 22.08 38.82 0.67 
226 461 146 1.0h 50 150 250 210 97 0.6 29.1 8.72 22.84 40.38 0.72 
226 461 149 1.0c 50 150 250 210 100 0.6 30 8.77 22.49 40.52 0.74 

Hwan 
Yang 

et.al. [15] 

0 500 194 2 65 180 270 235 121.7 1.13 68.8 21.64 30.03 66.94 1.03 
253.4 500 194 2 65 180 270 235 154 1.13 87 21.64 35.20 94.40 0.92 
380.1 500 194 2 65 180 270 235 188.6 1.13 106.6 21.64 37.78 107.92 0.99 
380.1 500 194 2 65 180 270 235 163.1 1.13 92.2 21.64 37.78 107.92 0.85* 
506.8 500 194 2 65 180 270 235 206.5 1.13 116.67 21.64 40.36 121.30 0.96 
506.8 500 194 2 65 180 270 215 188.3 1.13 106.4 21.64 40.36 116.23 0.92 
760.2 500 194 2 65 180 270 215 233 1.13 131.65 21.64 45.53 140.06 0.94 

Husgul 
et.al. [17] 

301 443 137 0 - 150 250 220 107.13 0.7 37.5 6 21.62 41.61 0.90 
627 462 133 0 - 150 250 218 187.2 0.7 65.52 6 34.19 72.39 0.91 
916 491 135 0 - 150 250 216 275.3 0.7 96.36 6 45.78 101.91 0.95 

1161 468 146 0 - 150 250 200 318.9 0.7 111.62 6 49.03 110.97 1.01 
301 443 157 1.5** 81.25 150 250 220 150.3 0.7 52.61 14.3 31.41 59.10 0.89 
627 463 167 1.5 81.25 150 250 218 256.5 0.7 89.78 14.83 39.54 90.85 0.99 
916 456 157 1.5 81.25 150 250 216 319.73 0.7 111.91 14.3 48.96 112.50 0.99 

1161 465 166 1.5 81.25 150 250 200 383.86 0.7 134.35 14.78 54.29 127.40 1.06 

Kamal 
et.al. 
[35] 

157 500 127 0 65 100 150 117 69.1 0.3 10.365 6 16.96 11.85 0.88 
226 500 127 0 65 100 150 116 98.5 0.3 14.775 6 21.09 15.32 0.97 
157 500 135 0.5 65 100 150 117 78.3 0.3 11.745 7.36 17.43 12.55 0.94 
226 500 135 0.5 65 100 150 116 103.8 0.3 15.57 7.36 21.29 16.02 0.97 

Yoo et.al 
[36] 

0 522.7 196.7 2 65 200 270 236 138.1 1.05 72.5 21.85 29.92 75.11 0.97 
253.4 522.7 196.7 2 65 200 270 236 186.5 1.05 97.91 21.85 34.71 103.98 0.94 
506.8 522.7 196.7 2 65 200 270 236 226.2 1.05 118.76 21.85 39.51 132.31 0.90 
760.2 522.7 196.7 2 65 200 270 200 249.5 1.05 130.99 21.85 44.31 145.80 0.90 

Pourpapa 
et.al. [37] 

158.8 460 135 1.92 81.25 127 203 180 514.61 0.152 39.11 19.06 33.65 35.09 1.12 
235 460 135 1.92 81.25 127 203 178 538.27 0.152 40.91 19.06 36.48 40.43 1.01 
84.8 460 135 1.92 81.25 152 76 53 73.13 0.152 5.56 19.06 13.02 5.70 0.98 

150.8 460 135 1.92 81.25 152 76 53 110.61 0.152 8.41 19.06 15.07 7.04 1.195 
235 460 135 1.92 81.25 152 76 53 129.12 0.152 9.81 19.06 17.68 8.67 1.13 

* the pouring of UHPC was from middle of the mold 
+h = hooked end fibers were used 
++c = crimped or twisted fibers were used 
** rounded straight fibers were used 
 
Table 3. A comparison between calculated moment by the proposed equations to the experimental results of some researches 
for doubly reinforced UHPC beams 

Autho
r(s) 

As 
mm2 

fy 
MPa 

f'cf 
MPa 

Vf 
% lf/df b 

mm 
h 

mm 
d 

mm 
As' 

mm2 
fy' 

MPa 
d' 

mm 
Pu 
kN 

av 
m 

Mexp 
kN-m 

σt 
MPa 

c 
mm 

Mcalc. 
kN-m 

Mexp/ 
Mcalc 

Huang 
et.al. 
[38] 

0 360 102.9 2.0 65 100 200 185 101 300 15 40 0.533 12.00 14.294 26.96 13.33 0.90 
227 360 102.9 2.0 65 100 200 184 101 300 16 102 0.533 27.20 14.294 33.89 26.97 1.01 
509 360 102.9 2.0 65 100 200 182 101 300 19 168 0.533 44.80 14.294 47.57 42.50 1.05 
1018 360 102.9 2.0 65 100 200 172 101 300 28 257 0.533 68.53 14.294 72.26 64.06 1.07 
1256 360 102.9 2.0 65 100 200 170 101 300 30 261 0.533 69.60 14.294 83.81 72.84 0.96 
1520 360 102.9 2.0 65 100 200 168 101 300 32 281 0.533 74.93 14.294 96.61 81.32 0.92 

Feng 
et.al. 
[24] 

1140 494.0 125.4 2h 80 150 300 240 226.2 481.4 50 326 0.95 154.85 20.928 69.87 176.39 0.88 
1742 495.5 125.4 2h 80 150 300 240 226.2 481.4 50 477 0.95 226.58 20.928 88.69 228.89 0.99 
2463 499.3 125.4 2h 80 150 300 240 226.2 481.4 50 662 0.95 314.45 20.928 111.70 287.04 1.10 
1140 494.0 128.4 3h 80 150 300 240 226.2 481.4 50 368 0.95 170.05 28.927 78.00 196.83 0.89 
1742 495.5 128.4 3h 80 150 300 240 226.2 481.4 50 485 0.95 230.38 28.927 95.13 248.17 0.93 
2463 499.3 128.4 3h 80 150 300 240 226.2 481.4 50 636 0.95 302.10 28.927 116.07 305.19 0.99 

 
 Increasing silica fume content raises the bonding strength 
between fibers and the matrix, which, in turn, raises the tensile 
strength. Also, enriching fibers' content raises the tensile 
stress, as shown in Table 4. 
 Upon using the proposed equations to calculate the 
moment in steel fiber's high strength concrete (HSC) beams, 
these equations exhibited good agreement with the 
experimental results, as illustrated in Table 4. A small change 

was made in the tensile stress equation, assuming the matrix 
tensile strength to be 3.0 instead of 6.0, as follows; 
 
𝜎3 = 0.062	𝛼9𝛽>: G

="
<"
H𝑉' + 3.0           (43) 

 
 The variation of experimental to calculated moment 
ranges between (0.93-1.07) for HSC beams, as shown in Fig. 
11. 
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Fig. 10. Comparison of experimental and predicted moments of doubly 
reinforced UHPC beams. 
 

 

 
Fig. 11. Comparison of experimental and predicted moments of HSC 
beams.

Table 4. A comparison between calculated moment by the proposed equations to the experimental results of some researches 
for singly reinforced HSC beams. 

Author(s) As 
mm2 

fy 
MPa 

f'cf 
MPa 

Vf 
% lf/df b 

mm 
h 

mm 
d 

mm 
Pu 
kN 

av 
m 

Mexp 
kN-
m 

σt 
MPa 

c 
mm 

Mcalc. 
kN-
m 

Mexp/ 
Mcalc 

Vijayanand et al. [39] 

265.8 569 59.12 0 60 125 250 217 94 0.7 32.9 3 44.50 35.54 0.93 
477.5 569 61.11 0 60 125 250 216 162 0.7 56.7 3 67.07 56.62 1.00 
671.4 569 59.12 0 60 125 250 214 216 0.7 75.6 3 91.85 72.69 1.04 
265.8 569 62 0.5c++ 60 125 250 217 108 0.7 37.8 3.69 44.96 36.73 1.03 
477.5 569 57.12 0.5c++ 60 125 250 216 162 0.7 56.7 3.69 73.75 56.94 0.99 
671.4 569 57.8 0.5c++ 60 125 250 214 224 0.7 78.4 3.69 95.78 73.08 1.07 
265.8 569 61.34 1.0++ 60 125 250 217 100 0.7 35 4.37 47.77 37.73 0.93 
477.5 569 63.8 1.0++ 60 125 250 216 158 0.7 55.3 4.37 68.54 58.73 0.94 
671.4 569 61.8 1.0++ 60 125 250 214 222 0.7 77.7 4.37 91.80 74.81 1.04 

Ashur 1997 [19] 

628 437 87.11 0.5 75 170 300 265 - - 90.69 7.01 52.09 91.68 0.989 
628 437 88.11 1.0 75 170 300 265 - - 95.41 8.05 54.52 94.91 1.005 
628 437 90.53 1.5 75 170 300 265 - - 100.4 9.16 56.24 98.48 1.019 
628 437 87.11 0.5 75 170 300 265 - - 90.69 7.01 52.09 91.68 0.989 
628 437 88.11 1.0 75 170 300 265 - - 95.41 8.05 54.52 94.91 1.005 
628 437 90.5 1.5 75 170 300 265 - - 100.4 9.16 56.25 98.48 1.020 

c++ crimped steel fiber 
 
 The proposed equations can be used even for beams 
without reinforcement since the equations gave good 
agreement with the experimental results.  
 The differences in results can be due to several reasons, 
among them; 
a) The equations depended on the compressive strength of 
small control specimens, while for large beams, the resistance 
might differ because large models are non-controlled. 
b) The difference in the theoretical (d) and (d') compared to 
the practical values may cause the differences. That can result 
from the movement of the rebar during the casting work. 
c) The non-uniform distribution of fibers within the beam 
and the possibility of its concentration in a specific location 
and leaving other sites to have no fiber or have fewer fibers 
may cause those differences. 
d) The difference in the method of pouring and the direction 
of the concrete in the mold causes the differences. 
 
 
10.  Conclusions 
 

This paper presents a theoretical study to analyze UHPC 
beams in flexure. The analysis regards several factors that 
influence the behavior of UHPC beams upon loading to cause 
flexural failure. The following conclusions can derive; 
1. Increasing the tensile strength and enhancing the ductility 
of UHPC beams can minimize the ratio of steel 
reinforcement. However, a high reinforcement ratio is 
required in UHPC beams to benefit from ultra-high 
compressive strength and deflection capacity.  
2. The fibers dispersed in the UHPC matrix provide 
relatively high confinement to delay the cracking of the 
matrix. After cracking, the fibers bridge the two sides of the 
crack to provide high ductility, and the tensile strength 
increases more. Therefore, the fibers have dual action to 
enhance tensile strength. That means the tensile stress consists 
of matrix strength and fiber contribution in bearing stress. 
3. The tensile strength of fibrous UHPC relies on several 
factors. Some of them were previously considered by other 
researchers as volume fraction, shape, aspect ratio, and 
orientation of fibers. A new factor considered in this study is 
the effect of silica fume content on the bonding strength 
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between steel fibers and the contact matrix.  
4. A bilinear elastic-strain softening model for simulation of 
tensile strength of UHPC is considered in predicting the 
sectional tensile stress. The ultimate strain reaches 24 times 
cracking one. 
5. Several equations are proposed to predict the flexural 
moment of UHPC, the location of the neutral axis, and the 
tensile stress of UHPC in the rectangular beam section with 
single or double reinforcement.  
6. The proposed equations award a good agreement with the 

experimental results for singly and doubly reinforced UHPC 
beams and for HSC. 
 
This is an Open Access article distributed under the terms of the Creative 
Commons Attribution License. 
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Nomenclature  

 
As Tensile steel reinforcement area, mm2 

As' Compressive steel reinforcement area, mm2 
av  Shear span, mm 
b Width of beam cross-section, mm 

c  Distance of neutral axis from top of the beam 
section, mm 

Cc UHPC compression force, N 
Cs Steel rebar compressive force, N 
d Effective depth of beam cross-section, mm 

d'   Distance from top of the beam section to the 
centre of compression rebars, mm 

df  Fiber diameter, mm 
Ec Elastic modulus of UHPC, MPa 

Ɛcr 
Cracking strain of UHPC in tension or 
compression 

Ɛo Strain of UHPC at f'cf in compression 
Ɛuf Ultimate strain of UHPC in compression 

Fb Friction force between steel fiber and contact 
matrix, N 

f'cf Cylinder compressive strength of UHPC, MPa 
ft  Maximum tensile strength of UHPC, MPa 
fy Yield stress of tensile rebar, MPa 
fy' Yield stress of compression rebar, MPa 
h Height of beam cross-section, mm 
lf Fiber length, mm 

N=Fc Normal compressive force of UHPC surrounded 
the fiber in the cube element, N 

T Tensile force subjected on fiber, N 
Tcf UHPC tensile force, N 
Ts Steel rebar tensile force, N 
Vf Volume fraction of steel fiber 
αo, αl, 
αb 

Fiber orientation, fiber length, and bonding 
factors 

β SF Silica fume affect factor on the bond strength 

μ  Friction coefficient between steel fiber and 
contact matrix, N 

σt  Tensile stress of UHPC, MPa 

τb  
Bond strength between fiber and contact matrix, 
MPa 

τb avg. 
Average bond strength between fiber and contact 
matrix, MPa 

 


