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Abstract 
 

Due to insufficient understanding of energy accumulation and dissipation characteristics of the bending beam, the 
instability mechanism of concrete beam driven by the energy release has become a bottleneck problem affecting structure 
safety. The bending deformation behaviors of concrete beams under external loads are always accompanied by energy 
accumulation and release, taking simply supported concrete beams under uniformly distributed loading as research 
object, the structural mechanics model of concrete beam was constructed based on the energy principle, the 
characteristics of strain energy accumulation and dissipation of the loaded concrete beams were analyzed. For the C30 
concrete, the corresponding numerical simulation was carried out, the strain energy distribution and failure characteristics 
of the beam structures under uniformly distributed loads were obtained. Results show that the bridge type distribution of 
the strain energy occurs in the simply supported concrete beams after bending under uniform loading. The failure units of 
the simply supported beam are concentrated in the releasing zone of the strain energy. The dissipated energy of the 
tensile-shear failure zone is higher than that of the shear failure zone, and the dissipated energy at bottom of the beam is 
significantly higher than that of other layers. The conclusions obtained in this study provide the reference for the energy 
evolution analysis of the loaded concrete beams. 
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1. Introduction 
 
The simply supported concrete beams are widely used in 
building structures, their damage and instability directly 
affect the safety and economic benefits of project. Fracture 
and damage of the simply supported beam are the hot issues 
in the world. The damage and fracture of concrete materials 
under the action of external load are accompanied by the 
external energy input, accumulation and release. The energy 
evolution characteristics of different positions of the loaded 
concrete beams in each deformation stage have become a 
new problem in the study of the structure stability. 

The concrete beam is a multiphase composite made of 
cement and various admixtures. Under the action of the 
external loads, the internal micro-cracks will expand and 
converge continuously. After reaching the critical load, the 
formation of macroscopic main cracks will eventually lead 
to the failure of the beam structure. The microscopic defects 
such as cracks and pores are main damage forms of the 
quasi-brittle materials. Due to the uneven distribution of the 
internal cracks of the concrete beam, the varying lengths and 
the mutual influence, it is very difficult to analyze the 
deterioration characteristics of the mechanical properties of 
the simply supported concrete beams from the initiation and 
development process of the material microscopic defects. So, 
the instability mechanism has become a bottleneck 
restricting the safety control of building structures. 

The damage of the simply supported concrete beams has 
various forms and changes, but they all have a common 

feature, that is, they are all irreversible processes requiring 
energy dissipation [1-2]. Judging the cracking process of 
concrete from the perspective of energy balance, avoiding 
the stress field analysis at the crack tip, judging the stability 
of the crack based on the energy change of the entire system 
during the crack propagation process, which has more 
advantages than the stress-strain analysis method [3-5]. 
Therefore, based on the principle of energy balance in the 
process of instability fracture of the concrete structures, the 
energy accumulation, release and dissipation characteristics 
of the simply supported beams are analyzed, which will help 
to deeply reveal the fracture failure process and the 
instability threshold of concrete. The research on mechanical 
instability of the simply supported beam under uniform 
loading is of the important theoretical significance. 
 
 
2. State of the art 
 
To explore mechanical properties of the concrete beams 
under external loads, three-point bending tests of concrete 
beams under concentrated loads and the bending tests of 
concrete beams (slabs) under uniform loads have been 
carried out widely. Based on the physical model of three-
point bending tests, Tung and Tue analyzed the deformation 
fracture process of the three-point bending concrete 
specimens by numerical simulation [6]. Ghahremannejad 
and Abolmaai analyzed the displacement control of the 
concrete beams under uniformly distributed loads and 
studied the ultimate shear strength of the concrete beams and 
the deformation characteristics at different positions of the 
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beams [7]. Pham and Tan carried out a physical simulation 
of mechanical response of the concrete beam under static 
and dynamic loads, and they analyzed the entire process 
from the initiation expansion of concrete cracks to the 
macroscopic failure of the specimen [8]. The deformation 
failure of concrete materials will be accompanied by energy 
evolution behavior. Structural health monitoring tests show 
that the concrete beams under uniformly distributed loads 
have the energy accumulation behavior, but the energy 
distribution characteristics of different positions are different 
[9]. Since the three-point bending test cannot reflect the 
internal energy state of structure under uniform load 
conditions, the uneven energy input and the energy 
concentration make concrete producing the fracture energy, 
and the peak of the energy and its distribution position affect 
the fracture form of the concrete beam [10-11].  

For the damage and fracture of the loaded concrete 
beams, Liao et al. studied the shear resistance and damage 
characteristics of high-strength reinforced concrete beams 
under dynamic loads using physical model tests, and they 
evaluated the damage of beam at different loading stages 
[12]. Based on the theory of elastoplastic mechanics, 
Betschoga et al. conducted the model test to investigate the 
influence of boundary conditions and loading modes on 
shear resistance of concrete, and they studied the mechanical 
mechanism of crack development of the beam structures 
under different loading modes [13]. Almaliki et al. analyzed 
the fracture process of the concrete beams and they 
discussed the influence of flexural mechanical parameters on 
the fracture mode [14]. There is a large crack development 
zone in the process of concrete beam fracture, the existing 
research mostly focuses on the fracture toughness of critical 
instability moment or the energy consumption of complete 
fracture moment [15-16], however, the research on the 
energy consumption in the fracture process zone 
accompanying cracks development is relatively little. Based 
on the energy balance principle, Hoque et al. predicted the 
bending failure form of concrete beams and they found that 
the propagation laws of defects crack of the beam are 
determined by the releaseable strain energy of the concrete. 
More attention should be paid to the relationship between 
the accumulated strain energy and the dissipated energy in 
the initiation stage, stable expansion stage and instability 
expansion stage of the rupture zone of the concrete beam 
[17]. 

The essence of beam failure is the instability of the state 
driven by various external energies [18]. In the process of 
the concrete damage, the development and penetration of 
microscopic defects such as cracks and pores are 
accompanied by energy dissipation [19]. For concrete beam 
structures under external load, the existing research focuses 
on the deformation, the displacement and the fracture 
characteristics of the beam structure, and rarely involves the 
energy accumulation, release and dissipation of the loaded 
concrete beams. Both theoretical analysis and experiments 
show that the energy dissipation of the concrete beams has 
nonlinear characteristics in the process of the plastic 
deformation and fracture [20-23], and the storage and the 
release of strain energy have an important influence on 
structural equilibrium state and fracture behavior of the 
beam [24]. 

In this study, according to stress-strain relationship of the 
concrete material, the energy accumulation and dissipation 
characteristics of the concrete units and the calculation 
method were analyzed. To explore the stability of the 
equilibrium state of the structural system and the 

characteristics of the accumulation and release of energy 
during bending deformation, the mechanical model of the 
simple supported concrete beam under uniform loading was 
constructed and the corresponding numerical model was 
built by using FLAC3D. The characteristics of the peak strain 
energy, residual elastic energy and dissipated energy of the 
loaded concrete units were monitored and analyzed. 

The rest of this study is organized as follows. Section 3 
describes the establishment of the mechanical model and the 
research methods. Section 4 gives the results and discussion, 
and finally, the conclusions are summarized in Section 5. 
 
 
3. Methodology 
 
3.1 Mechanical model of accumulation and release of 
energy 
The concrete beam is treated as a non-tension beam in unit 
thickness. As shown in Fig. 1(a), the self-weight load of the 
concrete beam is simplified as q of the uniformly distributed 
load. According to its force boundary conditions, the 
concrete beam can be regarded as the mechanical model 
shown in Fig. 1(b). L is the span of the beam. y is the value 
of bending sinking deformation of the concrete beam under 
the action of q of the vertical uniform load. Eq. (1) can be 
used to describe its sinking curve shape.  
 

                         (1) 

 
where, x is the distance from the origin O to any point K on 
the beam. y is the bending sinking amount corresponding to 
x. f is the bending sinking amount of mid-point O of the 
simply supported concrete beam . 

 
(a) Before bending. 

 
(b) After bending. 

Fig. 1. Simply supported concrete beam under uniform load. 
 

Since the bending failure of the concrete beam is the 
instability of state driven by energy, based on the change of 
elastic potential energy in the process of the deformation of 
the concrete beam, the stability of the concrete structure can 
be analyzed. The total strain energy U is composed of the 
structural strain energy U1 and the external load potential 
energy which is generated by the uniform load q. The strain 
energy U1 accumulated by the concrete beam structure due 
to deformation is 
 

L
xfy πsin=
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                (2) 

 
where, I is the inertia moment of the cross section. E is the 
elasticity modulus. t is the curvature of any point x.  
 
3.2 Numerical simulation of accumulation and release of 
energy in loaded concrete beam 
Concrete materials are always exchanging energy with the 
external environment in the process of deformation 
destruction. The samples in a laboratory have the energy 
exchange with the testing machine. Considering the concrete 
unit, its deformation under the action of external force is 
regarded as an adiabatic physical process. The concrete 
deformation failure is mainly determined by the releasable 
elastic energy Ue and the damage dissipation energy Ud. If 
the work of the testing machine is W, then the total input 
energy U of the concrete sample is equal to W. According to 
the energy conservation law, the energy relationship is as 
follows [1-2] : 
 

                          (3) 
  
Loading of quasi-brittle materials such as concrete and 

rock are always accompanied by energy storage and 
consumption in the process of deformation failure. The 
energy dissipation is unidirectional and irreversible, but 
under certain conditions the energy release is bidirectional 
and reversible [3-6]. According to the loading and unloading 
curves at each level, the unloading elastic modulus, the 
releasable strain energy, and the dissipated energy of the 
concrete material can be measured, as shown in Fig. 2.  

!
Fig. 2. Relationship between the dissipated energy and the elastic 
energy in concrete units. 

 
According to the stress-strain curve of the loading and 

unloading, if the unloading is performed when the load 
reaches , the area of the loading curve from zero to  
represents the total input energy U of the concrete unit. 
When the stress is loaded to , the area of the unloading 

curve the strain to the strain is Ue of the releasable 
elastic energy stored in the sample. After unloading, the 
strain energy of this part will be released. The area from the 
loading to the unloading curves represents Ud of the 
consumed energy during the plastic deformation and damage 
of the concrete unit, namely 

                   (4) 

 
                   (5) 

 

            (6) 

 
where, the unit of U, Ue and Ud is MJ/m3, and it represents 
the energy level of per unit volume concrete. 

The indices of stress and strain can be used to describe 
the mechanical state of the concrete beam structures, but it 
cannot fully reflect its thermodynamic state. The elastic 
strain energy is a comprehensive index, and in this index the 
structural stress and deformation are involved 
simultaneously. Under the action of uniformly distributed 
load, the concrete beam structure releases energy within a 
certain range and causes the change of strain energy state. 
The failure process of the loaded concrete beam system is a 
comprehensive result of the accumulation and release of 
strain energy. Energy dissipation occurs gradually with the 
increase of the load in the concrete structures, and the 
deterioration of concrete mechanical properties and the 
strength decrease are always accompanied by the energy 
dissipation. 

Assuming that there are n units in the concrete system, 
the strain energy density K of unit body depends on the three 
principal stresses and principal strains of the space, and the 
calculation formula is as follows [18]: 

          
(7)

 

where, (i=1, 2, 3) are three principal stresses of a certain 

unit body. (i=1, 2, 3) are three principal strains of a 
certain unit body. 

The strain energy Ui of the i-th unit body is: 
 

                              (8) 

 
where, is the strain energy density of the i-th unit.  is 
the volume of the i-th unit.  

Then U of the total strain energy of the concrete beam 
structure is 
 

                 (9) 

 
Then, the dissipated energy of the concrete beam 

structure can be expressed as 
 

             (10) 

 
As shown in Fig. 3, the computational model of the 

simply supported concrete beam and the supporting platform 
were established by FLAC3D software. The cross-section 
size of the concrete beam is 400 mm wide and 400 mm high, 
and the length is 4000 mm. The supporting platforms at both 
ends of beam are regarded as elastic supports. The concrete 
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beam and the supporting platform are respectively selected 
from Mohr-Coulomb model and the elastic model, and the 
interface contact surfaces are set between the supporting 
platform and the concrete beam to simulate the hinged 
contact and separation process after deformation. The model 
is divided into 2000 units and 2946 nodes. 

 
Fig. 3. Numerical model of simply supported concrete beam. 
 

The uniformly distributed load 0.5 MPa was applied to 
the upper surface of the concrete beam in the process of 
loading. According to Eqs. (5), (7) and (8), the built-in fish 
language programming of FLAC3D was used to calculate the 
elastic strain energy and dissipation energy of the concrete 
unit. The horizontal displacement constraints are imposed on 
both sides of the support platforms and the vertical 
displacement constraints are imposed on its bottom. The 
concrete strength of C30 is set. The parameters of the 
concrete beam are shown in Table 1, and the elastic modulus 
and Poisson’s ratio of the supporting platforms are the same 
as the beam. 
 
Table 1. Material parameters in the numerical model. 

Weight 
(kN/m3) 

Elastic 
modulus 

(GPa) 

Poisson’s 
ratio 

Cohesion 
(MPa) 

Internal 
friction 
angle (°) 

Tensile 
strength 
(MPa) 

2400 33 0.16 3.18 55 1.80 
 
 
4. Results and discussion 
 
4.1 Accumulation and release analysis of energy 
In the model of the simply supported concrete beam, the 
work done by the uniform load q is: 

                (11) 

 
The dissipated energy of the simply supported concrete 

beam structures due to deformation failure under uniformly 
distributed loads is: 
 

     (12) 

Eq. (12) is expanded by Talor, and the high-order traces 
are omitted, the integral is calculated as: 
 

           (13) 

 
The first and second partial derivatives of the dissipated 

energy  with respect to f are respectively: 
 

          (14) 

 
             (15) 

 

It can be seen that is less than zero from Eq. (15),
 

therefore, the total strain energy of the simply supported 
concrete beam obtains the maximum value. The beam 
structure is unstable during the gradual subsidence 
deformation, and the equilibrium configuration cannot be 
maintained. When the system reaches the bifurcation point 
along the stable equilibrium path, the tensile or shear failure 
of the concrete beams will undergo, and the structural 
dissipation energy will display a sudden increase. 
 
4.2 Simulation analysis of accumulation and release of 
energy 
The deformation of bending sinking of the concrete beam 
under uniform loading of 0.5 MPa is shown in Fig. 4. The 
vertical sinking amount of the mid-span position is the 
largest, and the vertical displacement gradually decreases 
from the mid-span to two ends of the beam, and the peak of 
vertical displacement is 31.9 mm. The elastic strain energy 
distribution of the simply supported concrete beam after 
bending shows the bridge type distribution characteristics. 
The concentration of strain energy in the mid-span upper 
surface of the beam is the highest, and the peak value of 
elastic strain energy can reach 4517.5 J. The accumulated 
energy is transferred from the mid-span to the support 
platforms of both ends in the beam structure. The strain 
energy is released due to bending deformation of lower part 
of the beam, and the strain energy concentration at both ends 
of the beam is small. 

 
(a) Bending sinking features of the beam.   

 
(b) Distribution characteristics of elastic energy.  

Fig. 4. Strain energy distribution characteristics of the simply supported 
concrete beam in bending. 
 

As shown in Fig. 5, the lower zone of the simply 
supported concrete beam produces shear-tensile failure due 
to bending deformation under the uniform load. The failure 
zone of the beam concentrates in the release zon e of strain 
energy, and no failure units appear in the mid-span strain 
energy concentration zone. The concrete units at the position 
of the support platforms produce shear failure. There are 
tension-shear mixed failure units in the empty surface area at 
the lower part of the beam. The failure zone of the simply 
supported concrete beam has obvious energy dissipation 
occurrence. Due to the tension and shear effects of the lower 
part unit of the beam, high-values of the dissipation energy 
are distributed near the support platforms, and the peak 
value of the dissipation energy is 3532.3 J. 
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(a) Deformation failure of the concrete beam. 

 
(b) Energy dissipation characteristics of the concrete beam. 

Fig. 5. Energy dissipation characteristics of the concrete beams after 
failure. 
 

According to the monitoring data of the failure units of 
A, B, D and the undamaged units of C and E in Fig. 5(a), the 
strain energy change characteristics of these units in the 
process of loading are obtained. As shown in Fig. 6(a), the 
strain energy of the concrete units gradually increases at the 
beginning of loading, there is the peak in the elastic energy 
of the failure units A and B, and the peak of the elastic 
energy of the lower unit B is ahead of that of the upper unit 
A, while the peak of the elastic energy of the upper unit A is 
higher than that of the lower unit B. After the strain energy 
reaches its peak, the strain energy of the units begins to be 
released. After the energy being released, there is still a 
certain amount of the residual strain energy in the unit.   

 
(a) Units A and B. 

 

(b) Units B and C. 

 
(c) Units D and E. 

Fig. 6. Curves of the elastic strain energy of the monitoring units in the 
model. 

 
The elastic energy characteristics of the failure unit B on 

the left lower side of the beam and the undamaged unit C on 
the mid-span bottom are shown in Fig. 6 (b). The strain 
energy of the unit B is overall higher than that of the unit C, 
and the elastic energy of the undamaged unit C does not 
release after reaching the peak. The elastic energy change 
characteristics of the failure unit D and the undamaged unit 
E on the right lower side of the beam are shown in Fig. 6(c). 
The unit E near the support platform is subjected to the 
concentrated stress and large deformation, and its elastic 
energy level is higher than that of the failure unit D.  
 
4.3 Energy dissipation analysis of the loaded concrete 
beam in the fracture process 
Fig. 7 shows the characteristics of the dissipated energy of 
the failure units A and B of the concrete beam and 
undamaged unit C. The lower unit B with tensile-shear 
failure has a significantly higher dissipation energy than the 
upper unit A with simple shear failure. The unit of the mid-
span position is undamaged, and the dissipated energy of the 
undamaged unit C on the mid-span position is zero J. It can 
be seen that due to the plastic deformation and damage of 
the loaded concrete unit, the failure units generate energy 
dissipation, and they have complex failure forms, and their 
dissipation energy are higher than that of the simple shear 
failure units. 

The concrete unit undergoes an energy accumulation 
process before fracture. As shown in Fig. 8, the compressive 
stress and deformation of the unit A in the pre-peak elastic 
state gradually increase, and the strain energy of the unit 
continues to rise, and no energy dissipation occurs in the 
process. When the stress exceeds the elastic limit, the unit 
body produces the plastic deformation and dissipated energy. 
After that, the dissipated energy curve shows a nonlinear 
upward trend. After the unit body reaching the energy 
storage limit, it fractures and produces a sudden energy 
release, as a result its dissipation energy curve under the 
condition of a small displacement manifests a sharp rise. 

There are some differences between the energy 
accumulation and the displacement at different positions of 
the concrete beam in the horizontal direction in the process 
of the flexural deformation. As seen from Fig. 9(a), the 
curves show the relationships between strain energy peak of 
the fracture zone and the vertical displacement of the 
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concrete beam. Along the horizontal direction, the maximum 
value of the strain energy of each unit is located at the 
inflection point of curvature, and in this position the unit 
first reaches the energy storage limit and fractures. The 
relationships between the residual strain energy and 
displacement of each unit body are shown in Fig. 9(b). The 
energy peak value and residual value of the mid-span 
position are lower than that of the other positions. In the 
process of rupture, the peak zone of the storage energy 
produces larger energy release, as a result, the peak value of 
the residual strain energy after ruptures exists at the 
boundary position of both sides of the beam.  

 
(a) Units A and B. 

 
(b) Units B and C. 

Fig. 7. The dissipated energy characteristics of the monitoring units in 
the model. 

 
Fig. 8. Energy accumulation and dissipation characteristics before and 
after fracture of the unit A. 

 
(a) Peak strain energy and vertical displacement. 

 
(b) Residual strain energy and vertical displacement. 

Fig. 9. Relationship curves between the strain energy and vertical 
displacement of the fracture zone.  

 
According to the monitoring data of the strain energy 

and dissipated energy of the monitoring unit of each layer of 
the concrete beam in Fig. 10, the peak value of the elastic 
energy gradually increases from bottom to top along 
thickness direction of the beam under the action of the 
uniformly distributed load. The peak value of the elastic 
energy of the upper part of beam is the highest, and the peak 
value of the elastic energy of the upper part of the mid-span 
is higher than that of both sides. Because the failure units of 
the concrete beam are mainly concentrated in the empty 
surface of the beam bottom, the dissipated energy of this 
position is significantly higher than that of other positions of 
the beam. 

 
(a) Peak values of elastic energy of different layers. 
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(b) Peak values of dissipated energy of different layers. 

Fig. 10. Peak values of elastic energy and dissipated energy of different 
layers of the concrete beam. 

 
5. Conclusions 
 
To study energy evolution characteristics of the simply 
supported concrete beams in the process of bending fracture 
under the uniformly distributed load, the structural 
mechanical and numerical models were constructed, and the 
strain energy distribution characteristics of the beam 
structure at different deformation stages were analyzed 
based on the principle of energy balance. The influence of 
the energy accumulation and release on the rupture form was 
discussed also. The differences of the energy dissipation 
behaviors of different positions in the process of rupture 
were summarized. The main conclusions are obtained as 
follows: 

(1) The strain energy of the simply supported concrete 
beam after bending under the uniformly distributed load has 
the bridge distribution characteristics. The strain energy 
concentration of the upper region of the mid-span of the 
beam is significantly higher than that of the two sides, and 
the peak of the elastic energy exists at the upper surface of 
the mid-span of the beam. The failure units of the simply 
supported concrete beams are concentrated in the energy 
release zone. Undamaged units appear in the energy 
concentration zone in the mid-span of the beam. The 
concrete beam units at the support platforms produce shear 

failure. There are tension-shear mixed failures in the empty 
surface of the beam bottom units, and the obvious energy 
dissipation phenomenon appears in the failure area. 
   (2) The strain energy of the concrete beams continues to 
rise in the initial stage of loading. The elastic energy of the 
concrete unit releases and causes material damage after 
reaching its peak. The residual elastic energy of the concrete 
unit still exists after failure. The elastic energy of the 
undamaged unit of the mid-span is lower than that of the 
failure units of the same layer of both sides. The peak value 
of the elastic energy gradually increases from the bottom to 
top along the thickness direction of the beam. The peak 
value of the elastic energy of the upper part of the beam is 
the highest, and the peak value of the elastic energy of the 
upper part of the mid-span is higher than that of the both 
sides. 

(3) The failure units of the simply supported concrete 
beams are concentrated in the strain energy release zone 
under the uniform loading. There is obvious energy 
dissipation in the failure areas. The dissipation energy of the 
concrete units with tensile-shear failure is higher than that of 
the simple shear failure units. The dissipated energy of the 
bottom of the beam is significantly higher than the dissipated 
energy of other layers. 

This study mainly focuses on the flexural deformation of 
the simply supported beams under the uniformly loading, the 
energy distribution and dissipation characteristics obtained 
are symmetrical, but there are also inhomogeneities in the 
external loads in the actual engineering, and the skew 
characteristics of the asymmetric deformation and the energy 
evolution cannot be reflected. In the next work, the 
deformation law of the concrete beam under the action of the 
concentrated loading or non-uniform loading will be further 
studied. 
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