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Abstract 
 

The selection of the design wave height in ocean engineering is greatly related to the wave height distribution in the sea 
area. Many existing empirical and theoretical distribution formulae of wave height are linear or nonlinear and suitable 
only for narrow spectrum based on the classic Rayleigh distribution. However, these formulae cannot be effectively 
applied due to several problems, such as complex forms or difficult determination of key parameters. To explore the 
influence of mixed sea states (with bimodal spectrum) and nonlinearity on the wave height distribution in the actual 
ocean environment, this study proposed a new Weibull distribution model of wave height that included the effects of 
spectral width and nonlinearity. By analyzing the characteristics of each parameter of the Weibull distribution, the 
relationship between the shape and scale parameters was determined. The wave duration of different types of bimodal 
spectra was simulated through the Monte Carlo simulation method, and the influence of different spectral types and 
nonlinearity on the wave height distribution was investigated. The calculation formula of the shape coefficient of the 
Weibull distribution was obtained through fitting. Results demonstrate that the spectral width has minimal influence on 
the wave height distribution under deep water condition, and the wave height follows the Rayleigh distribution. For 
swell-dominated sea state, the extreme wave height can reach two times that obtained using the Rayleigh distribution 
when the nonlinearity is large. The new Weibull model that considers the spectral width and nonlinear factors can 
accurately describe the wave height distribution of mixed sea states. The proposed method provides a good prospect to 
the selection of design wave height in complex sea conditions. 
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1. Introduction 
 
The design wave height is one of the critical factors that 
must be considered in the design of coastal and ocean 
structures. This factor is necessary in estimating the safety 
and cost of engineering structures under severe sea 
conditions. Design wave heights usually include average, 
maximum, significant or 1/n average wave heights. These 
heights are selected from irregular wave chains and are 
related to each other. When deriving various representative 
wave height relationships theoretically, the first step is to 
identify the mathematical model of the wave height 
distribution. Scholars performed numerous research on the 
distribution of wave height. According to the linear model of 
random waves, the most widely used wave height 
distribution is the Rayleigh distribution formula, which is 
theoretically derived from the Longuet-Higgins equation 
under the assumption of linearity and narrow spectrum [1]. 

 However, the statistics of the sea wave observation data 
show that the opportunities for pure wind waves and pure 
swells are relatively scarce, and most of them appear in the 
form of mixed waves. Mixed waves refer to situations where 
wind waves and swells exist on the sea at the same time or 
when the wind direction changes suddenly. The spectrum 

structure of mixed waves is highly complex and diverse. 
Except for few cases where the spectrum is unimodal, most 
spectra are bimodal or multimodal. The wave spectrum is 
neither a narrowband spectrum nor a Gaussian random 
process and often exhibits nonlinear properties. Therefore, 
the Rayleigh distribution often leads to the underestimation 
or overestimation of the design wave height. The former 
case will result in safety hazards to the marine engineering 
structure and cause the structure to be damaged by excessive 
wave force. 

Numerous related studies on the characteristics of actual 
ocean waves were conducted. Most of these works analyzed 
the effect of nonlinearity or the spectral width of single-peak 
spectrum on the wave height distribution. The joint 
distribution of the wave height and period of the bimodal 
spectrum was also investigated. However, these studies did 
not consider the coupling effect of the bimodal spectrum and 
nonlinearity on the wave height distribution. Therefore, 
determining an easy-to-apply formula that reveals the 
distribution of wave heights and consider the spectral width 
and nonlinearity is an urgent concern that must be solved. 

Many optimization problems involve multiple objectives. 
For the network-clustering problem, many multi-objective 
optimization models have been proposed. Pizzuti [10] 
presented a multi-objective genetic algorithm to uncover 
communities in networks. Recently, Gong et al. [11] 
proposed a multi-objective discrete particle swarm 
optimization algorithm for network clustering. Experiments 
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have demonstrated that the proposed algorithm is very 
effective. 

On the basis of the above analysis, this study determined 
the key parameters of Weibull distribution through analysis 
and simulated second-order nonlinear waves by using the 
Monte Carlo method. The objective of this study is to 
investigate the influence of spectral width and nonlinearity 
on wave height distribution and provide reference to 
engineering designers. 
 
 
2. State of the art 
 
The distribution of wave height or joint distribution of wave 
height and period is extensively investigated. Kvingedal 
analyzed the distribution of individual wave and crest 
heights by using the 14-year data collected at a certain point 
in the northern North Sea and compared them through 
known theoretical distribution formulae. The Rayleigh 
distribution is conservative in the estimation of wave heights, 
but the results are not universally applicable [7]. Mackay 
used three methods to analyze the long-term distribution of 
an individual wave and compared and analyzed the deviation 
caused by the tail shape of the extreme significant wave 
height distribution during a storm. However, the effect of 
wave nonlinearity was not considered [8]. The nonlinearity 
of random waves was analyzed by Tayfun [9], but the 
analysis only focused on narrow-band spectrum theory 
without considering the influence of wide spectrum. On the 
basis of the inverse scattering transformation solution of the 
third-order nonlinear Schrodinger (NLS) equation, Zhang et 
al. theoretically derived a method to calculate the eigenvalue 
of the NLS equation from the time history data of the 
measured wave height. Nevertheless, the mixed wave factor 
was not considered [10]. Forristall explored the distribution 
of wave crest height on the basis of the second-order 
nonlinearity. The findings revealed that the wave height 
deviates from the Rayleigh distribution as the level of 
nonlinearity increases. However, this study did not explore 
the influence of spectral width on the wave height 
distribution [11]. Feng investigated the nonlinear probability 
distribution of wave height by using the high-order spectral 
numerical model. The results suggested that the distribution 
conforms to the Rayleigh distribution when the significant 
wave height is relatively small. As the wave nonlinearity and 
significant wave height increase, the deviation of the wave 
height distribution from the Rayleigh distribution increases. 
In addition, the model is relatively complex and difficult to 
apply [12]. Haselsteiner found that the exponential Weibull 
distribution can effectively characterize the actual wave 
height distribution. However, this analysis did not involve 
influence factors, such as wave nonlinearity and spectral 
width [13]. Based on the nonlinear shallow water wave 
function, Li calculated the interval distribution of wave 
height and established a statistical time-domain analysis 
model to estimate such distribution. However, the influence 
of nonlinearity on the wave height distribution is not 
analyzed [14]. Rifat Tur used the classical linear and 
intelligent nonlinear time series methods to predict the short-
term maximum wave height to effectively improve the 
accuracy of wave height prediction. However, the presented 
approach is complex and difficult to popularize and apply 
[15]. 
 Substantial effort has been devoted to the study on 
bimodal waves in the past decades. Chen et al. evaluated the 
applicability of the Ochi–Hubble bimodal spectrum to sea 

areas near islands and reefs and obtained the parameter 
fitting formula of the wind wave and swell components. 
However, the formula is only applicable to the South China 
Sea [16]. Stephen studied the influence of different 
percentages of swell energy in the energy-conserving 
bimodal spectrum wave on the wave height distribution near 
the wave maker and in shallow water. The analysis require 
verification through measured data [17]. Guan et al. 
explained the overestimation problem of the high-frequency 
part of the double-peak ocean wave spectrum and proposed 
an iterative algorithm as a solution [18]. Forristall analyzed 
the joint statistical properties of wave height and period on 
the basis of linear simulation and inferred that such a 
simulation can predict the maximum wave with sufficient 
accuracy as long as the frequency difference between the 
two spectral peaks of the bimodal spectrum is not 
excessively large. However, the effect of nonlinear factors in 
shallow water was not considered [19]. Didenkulova 
conducted a direct numerical simulation of the evolution of 
irregular nonlinear waves by using bimodal spectrum and 
studied the influence of the coexistence of additional wave 
systems on the statistical characteristics and spectral patterns 
of waves. However, the distribution rules of the spectral 
patterns and statistical wave heights were not revealed [20]. 
Huang proposed a binary lognormal mixed model to 
characterize the joint distribution of the wave height and 
period of sea conditions with double-peak spectrum 
characteristics. This model can accurately describe the 
bimodal properties of the spectrum but does not consider the 
effect of the spectrum width of the bimodal spectrum on the 
distribution of wave height [21]. James Hu discussed the 
influence of single-peak spectral width and nonlinearity on 
wave height distribution under deep-water conditions but 
disregarded the case of limited water depth, especially 
shallow water [22]. Li et al. investigated the influence of 
spectral width and nonlinearity on wave height distribution 
under a single-peak spectrum but did not consider the case 
of mixed waves [23]. Martell-Dubois used the wave data 
collected near the Caribbean Coast of Mexico to discuss the 
frequency and directional structure of the wave field 
generated during the passage of three hurricanes. The 
relationship between the translational velocity of the 
hurricanes and wave group velocity can explain whether a 
spectral bi-modularity is present in the frequency and 
direction [24]. Alessandro Toffoli used the second-order 
wave model to study the influence of unimodal and bimodal 
spectra on the statistical characteristics of waves under 
different water depth conditions and concluded that the 
nonlinear interaction is the strongest when the two spectra 
are slightly separated in direction. However, the influence of 
spectral width on the wave height distribution was not 
discussed [25]. 
Most of the existing studies focused on the influence of 
wave nonlinearity on the joint distribution of wave height 
and period, as well as on the effect of the spectral width of 
the unimodal spectrum and the spectral type of the bimodal 
spectrum on the wave height distribution. However, the 
coupling effects of wave nonlinearity and width of the 
bimodal spectrum on the distribution of wave height are 
rarely studied. In the present study, a widely used Weibull 
distribution model that can flexibly select parameters was 
adopted. The relationship between shape and scale 
parameters was analyzed, and the former was established as 
the key factor. The second-order nonlinear irregular wave 
was simulated using the Monte Carlo method, and the 
influence of the bimodal spectral width and wave 



Xiaolin Huan, Shifeng Xue,  Xuejun Fan and Changliang Li/ 
Journal of Engineering Science and Technology Review 13 (6) (2020) 37 - 45 

 39 

nonlinearity on the wave height distribution was discussed. 
The least squares method was applied to obtain the 
calculation formula of the shape parameter, which is 
associated with the spectral width and nonlinearity. The 
findings could provide a reference for the prediction of the 
design wave height.  

The remainder of this study is organized as follows. In 
section 3, the relationship between the two main parameters 
of the Weibull distribution is deduced. The bimodal 
spectrum type used for simulation is selected, and the 
formulae for the second-order nonlinear wave simulation are 
described. Section 4 analyzes the effects of spectral width 
and nonlinearity on the distribution of wave height and 
verifies the calculation formula of the shape parameter. 
Section 5 summarizes the findings and provides the relevant 
conclusions. 
 
 
3. Methodology 
 
3.1 Relationship between the two main parameters of the 
Weibull distribution 
Longuet-Higgins demonstrated that the Rayleigh distribution 
is applicable to the heights of waves in the sea. The two 
main assumptions for the theoretical derivation state that (1) 
the frequency spectrum consists of a single narrow 
frequency band and (2) the waves can be considered as the 
sum of a large number of contributions with the same 
frequency and random phase. The Rayleigh probability 
density function (PDF) can be expressed as 
 

,                        (1) 

 
where  denotes the wave height and  is the significant 
wave height.   

The Rayleigh distribution is consistent with the waves in 
deep water. However, as the water depth decreases, the 
distribution of the measured wave height gradually deviates 
from the Rayleigh distribution. Given that the actual 
spectrum is not always narrow, scholars use the Weibull 
distribution to describe the wave height distribution. The 
Weibull model has no theoretical advantage in the analysis 
of the wave height distribution, but it is highly flexible in 
practical applications and consistent with the actual 
spectrum. The cumulative PDF of the Weibull distribution 
can be written as 

 

,                     (2) 

 
where , , and represent the location, scale and shape 
parameters, respectively. 

Equation (2) becomes a Rayleigh distribution when 
 and .In this study,  is always set to zero. For 

convenience of engineering application,  might be 
replaced with . The probability of the density function 
of the corresponding Weibull distribution can be expressed 
as 
 

,         (3) 

  
The derivation for the 1/n wave height based on the 

Weibull wave height distribution is explained below. The 
probability of exceedance associated with Eq. (3) is written 
as   
 

,        (4) 

 
By denoting the wave height that corresponds to 

 as , the above expression becomes 
 

                        (5) 

 
By rearranging the terms, Eq. (5) can be expressed as 
 

                           (6) 
 

In accordance with the definition of the 1/nth average 
wave height  
 

             (7) 

 
or 

 

                (8) 

 
If , Eq. (8) can be rewritten as 

 

                      (9) 

 
If  is known, the Weibull PDF can be determined. 

Therefore, the determination of the appropriate value of  
must be realized. 

 
3.2 Inputted bimodal spectral type 
The bimodal spectrum can be classified into three main 
types. The first type is mixed waves dominated by swell, in 
which the low-frequency peak of the spectrum is much 
larger than the high peak because the energy of the spectrum 
is concentrated in the low-frequency part. The second type is 
mixed waves dominated by wind wave, in which the high-
frequency peak of the bimodal spectrum is larger than the 
low peak because the energy is concentrated in the high-
frequency part. The last type is mixed waves with similar 
intensities of swell and wind waves. In this case, the high- 
and low-frequency peaks of the bimodal spectrum exhibit 
slight differences (Fig.1). The bimodal spectrum is 
commonly expressed in the form of single-peak spectrum 
superposition. This study adopts the bimodal spectrum 
formula fitted by Chi et al. based on the measured data from 
a large number of spectrum formulae [26]. The low-
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frequency part of the formula uses the Neumann spectrum 
expression with the sharpness factor as a parameter in 
accordance with the proposal of Guan et al. [18]. The high-
frequency part adopts the widely used JONSWAP spectrum, 
which can be defined as 
 

   (10) 

    

where  represents the sharpness factor, p and q are the 
spectral parameters ( , ), e is the natural 
logarithm,  and  are the peak frequencies of the low 
and peak spectra, respectively,  and  are the zero-
order moments of the low and peak spectra, respectively,  
is the peak shape coefficient (  when , 
whereas  otherwise), and  denotes the 

enhance factor, . 

 

 
Fig. 1. Bimodal spectral types. (a) Swell-dominated.(b) Mixed sea.(c) Wind wave-dominated 
 
3.3 Simulation of the second-order wave elevation 

 
In the present study, the wave elevation time history is 
obtained using the Monte Carlo simulation method. A 
second-order expansion of the sea surface can capture the 
effects of wave steepness, water depth, and directional 
spreading with no approximations other than the truncation 
of the expansion at the second order. The second-order wave 
interactions for infinite water depth are calculated using the 
Longuet-Higgins equation. These calculations were 
extended to intermediate water depth by Sharma and Dean 
[27]. It is reproduced the latter result for completeness. The 
first-order water surface is defined as 
 

               (11) 

 
where  represents the time;  is the position vector in the 
plane; , , and  are the radian frequency, phase, and 
vector wave number of the Fourier wave component, 
respectively; and  is the corresponding amplitude. The 
frequencies and wave numbers are related by the linear 
dispersion equation. 
 

                            (12) 
 
where  is the acceleration due to gravity and  is the 
water depth. The second-order correction of the wave 
surface proposed by Sharma and Dean is expressed as 
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where  denotes the random phases uniformly distributed  

between and . In addition, , where 

 is the one-sided power spectral density function 
associated with  and  is the frequency interval.   
represents the linear wave elevation, whereas the summation 
of  and  denotes the second-order nonlinear wave 
elevation. The nonlinear wave elevation is always skewed 
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troughs). This feature has been reported by many previous 
studies. The stronger the wave nonlinearity, the higher the 
level of skewness of the wave toward the peak.  

Fig. 2 shows the duration of a second-order nonlinear 
wave simulation for a mixed wave. The energy occupied by 
the wind wave and swell is 75% and 25% of the total wave 
energy, respectively. The peak period of the main peak 
spectrum is 10 s, and the water depth is 40 m. 
 

 
Fig. 2. Example of the wave for a double-peak spectrum with a peak 
period of 10 s and significant wave heights of 2.5 and 4.33 m at a water 
depth of 40 m      

 
3.4 Spectral width and nonlinear coefficient 
Goda [28] suggested the use of the sharpness  to 
represent the narrowness of the spectrum. 
 

                              (22) 

 
Rye [29] stated that among many other parameters 

proposed to characterize the spectral width,  is the only 
factor that is not dependent on the high frequency cut-off 
choice. Goda reported  values obtained from single-
peaked spectra recorded in the Japanese coastal waters. The 
values range from 2 to 3. Fig. 3 presents the standardized 
JONSWAP spectrum. The  values associated with a 
JONSWAP wave spectrum with  and  are 2.008 
and 4.6931, respectively. On the basis of this result, the 
smaller the value, the wider the spectrum. 
 

 
Fig. 3. Normalized JONSWAP wave spectra with  and  
 

To measure the degree of nonlinearity of a random wave, 
the term nonlinear parameter was introduced by Goda [30]. 
 

                              (23) 
 

where  is the water depth,  is the wave length 
calculated using linear wave theory, and  is the 
wave number. This nonlinear parameter becomes the wave 
steepness value in deep water and is close to Ursell number 
in shallow water. 

When simulating the bimodal spectrum, we assume that 
the wave energy is conserved, that is, the significant wave 
height of a sea state is constant, whereas the swell and wind 
sea energy percentages vary. In this study, the swell 
percentages of the three spectral types account for 25%, 50%, 
and 75%, respectively. The simulation results show that the 
spectrum widths of the three wave spectra are different. 
Among them, the spectrum width of the swell-dominated 
spectrum is the largest, whereas that of the wind wave-based 
spectrum is the smallest; the latter is close to the single-peak 
spectrum value. 

 
 

4. Results and discussion 
 

4.1 Effect of spectral width on wave height distribution 
This study simulates the second-order wave surface based on 
the method described in section 3.3. The wave height data 
are obtained through the upward zero-crossing method. The 
spectral width and nonlinear parameters of the spectrum are 
calculated in accordance with the approach introduced in 
section 3.4. For the convenience of comparison, the 
simulated bimodal spectrum maintains energy conservation, 
but the energy proportion of the swell and wind wave is 
different (section 3.2). Fig. 4 illustrates the effect of spectral 
width on wave height distribution. When the wave 
nonlinearity is extremely small (i.e., deep-water linear wave), 
the wave height predicted by the Rayleigh distribution is 
slightly larger in higher waves than in lower ones (Fig. 4(a)). 
Thompson [31], Haring et al. [32], Forristall [33], and Zhou 
[34] obtained the same conclusion. In addition, the spectral 
width has almost no effect on the wave height distribution 
under linear wave conditions. 

However, as the level of wave nonlinearity increases, the 
influence of spectral width on wave height distribution 
becomes increasingly obvious. Fig. 4(b) depicts the case 
when . The wave heights simulated in 
accordance with the wind wave-dominated and mixed sea 
types are close to the Rayleigh distribution. For the swell-
dominated sea state, a large spectral width results in the 
deviation of the wave height distribution from the Rayleigh 
distribution. Figs. 4(c) and 4(d) further demonstrate that as 
the level of wave nonlinearity increases, the influence of the 
spectral width on the wave height distribution intensifies. 
The larger the spectral width, the greater the deviation of the 
wave height distribution from the Rayleigh distribution. In  
such a case, the wave height predicted by the Rayleigh 
distribution is considerably small. The same phenomenon 
was observed by Forristall [11]. 
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Fig. 4. Probability distribution of normalized wave heights with different spectral widths and similar nonlinearity. The wave heights are normalized 
by the significant wave height. (a) . (b) . (c) . (d)  H 
 
 

Fig. 4 also shows that when the wave nonlinearity is 
small, the spectral width exerts minimal small influence on 
the high-wave part. As the level of nonlinearity rises, the 
influence of the spectral width on the wave height 
distribution increases, especially in the medium and high 
wave ranges. In practical ocean engineering, engineers focus 
on high waves, which are closely related to the safety of the 
structures. Therefore, the effects of nonlinearity and spectral 
width on wave height must be considered. 

 
4.2 Effect of nonlinearity on wave height distribution 
The relationship between the wave height distribution and 
the nonlinear parameters under the same spectrum width is 
displayed in Fig. 5. As the level of nonlinearity increases, 
the wave heights of the swell-dominated waves obviously 
deviate from the Rayleigh distribution. When , 
the once-in-a-thousand wave height can reach three times 
the significant wave height. When the swell and wind wave 
energies are equal and , the wave height and 
Rayleigh distribution curves are the same. Similarly, the 
wave height distribution deviates from the Rayleigh 
distribution as the level of nonlinearity elevates. In this case, 
the once-in-a-thousand wave height can reach approximately 
2.6 times the significant wave height. Given their small 
spectral width whose spectral type is the same as that of the 
narrow spectrum, the waves dominated by the wind sea 
exhibit the smallest difference between wave height and 
Rayleigh distributions. As the level of nonlinearity in the 

high-wave part (e.g., greater than the once-in-a-hundred-year 
wave height) increases, the wave height that is originally 
smaller than the Rayleigh distribution exceeds the latter. 
However, the degree of deviation is not large. The wave 
height increases with the increase in the level of nonlinearity 
because the wave steepness gradually rises due to wave–
wave interaction and shoaling. Forristall [11] obtained the 
same inference. Fig. 5 shows that when the spectrum width 
is small (i.e., similar to a narrow spectrum), the wave height 
distribution is similar to the Rayleigh distribution. A 
difference is observed in the extreme wave part, and the 
effect of nonlinearity on the wave height at this instance is 
small. When the spectral width is large, the nonlinearity 
substantially influences the wave height distribution. As the 
spectral width and level of nonlinearity increases, the 
deviation from the Rayleigh distribution increases from 
medium wave heights to high ones, especially for the parts 
with small probability. This phenomenon occurs because 
when random wave train propagates in shallow water, the 
wave–wave interaction and shoaling becomes noticeable. At 
this time, the wave crest becomes steep and narrow, whereas 
the wave trough becomes flat and wide. The wave steepness 
and wave height gradually increase. 

When  and the spectral width is at maximum,  
the value of  is 4.4 (Fig. 4(d)). When  

and , can reach a value of 5.0 (Fig. 5(a)). 
This result shows that under the same energy condition, 

=0.0142Õ =0.0271Õ =0.0463Õ =0.0566Õ

=0.0566Õ

=0.0271Õ

=0.0566Õ
/ sH H pQ 0.7129=

=0.0566Õ / sH H
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nonlinearity has a greater influence on the wave height 
distribution than the spectral width. 

 

 

 
Fig. 5. Probability distribution of normalized wave heights with 
different nonlinearity levels and the same spectral width. The wave 
heights are normalized by the significant wave height. (a)  

(swell-dominated type). (b)  (mixed sea type). (c) 

 (wind-dominated type) 

 
4.3 Calculation of the Weibull distribution shape 
parameter 
On the basis of the above analysis, the spectral width and 
nonlinearity play important roles in wave height distribution. 
The traditional analyses of wave height distribution 
disregard both factors or consider only one of the two. 
Therefore, some scholars derived several analytical and 
experiential distributions that include the effect of wave 
steepness. However, these distribution formulae are rarely 
used because they are highly complicated, and their 
parameters are not easy to achieve. The Weibull distribution 

is relatively simple, with  as the most important factor 
(section 3.1). As previously established,  is a function of 

 and . In this study, a series of tests are performed 
through numerical simulation. By selecting the appropriate 

 value, a Weibull curve that fits the real wave height 
distribution can be obtained. This curve can be referred to as 
the new Weibull formula. The larger the spectral width and 
the higher the nonlinearity level, the lower the value of  
(Fig. 6). Table 1 lists different values of  with various  

and . 
By using the MATLAB curve fitting technology, a 

fitting formula based on the calculated value of  and  
can be obtained as 
 

  (24) 

 

 

 
Fig. 6. Wave height PDF for different nonlinearity and spectral width 
parameters. (a) . (b) . (c) 

 

0.7129pQ =

0.9416pQ =

1.4194pQ =

a
a

Õ pQ

a

a
a pQ

Õ

pQ Õ

2
p=1.957 15.95 0.5326 Q 104.6 1.336 Q p- ´Õ+ ´ + ´Õ - ´Õ´a

p=0.0463,Q =0.7129Õ p=0.0463,Q =0.9416Õ
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Table 1. Numerical results of the shape parameters with 
different nonlinearity and spectral width values 

          
 0.0142 0.0271 0.0463 0.0566 0.0721 

0.7129 2.051 1.895 1.687 1.554 1.392 
0.9416 2.204 2.103 1.853 1.754 1.621 
1.4194 2.256 2.154 2.087 2.043 1.952 

          
 0.0513 0.0544 0.0644 0.0739 0.0857 

0.7632 1.972 1.856 1.782 1.732 1.695 
0.9416 2.105 1.822 1.823 1.732 1.703 
1.2306 2.215 2.016 1.902 1.811 1.713 

 

 
Fig. 7. Comparison of the crest height distribution when , 

, and  
 
4.4 Formula verification 
To verify the accuracy of the proposed shape parameter 
fitting formula, Fig. 7 shows the comparison of the crest 
heights based on the second-order nonlinear simulation with 
the new Weibull distribution and the previous results 
obtained by Kriebel and Dawson [35], Haring et al. [32], and 
Tayfun [9]. The error between the theoretical formula and 
the simulated value is expressed in terms of the root mean 
square error. 
 

                           (25) 

 
where  is the square root error,  is the theoretical 
value,  is the simulated value, and is the sample size. 
The square root errors of the four distributions are 

, , , and 

. The findings indicate that the proposed 
new Weibull distribution demonstrates the best fit of the 
simulation data. 
 
 
5. Conclusions 

 
To explore the characteristics of real ocean environment, a 
numerical method based on Monte Carlo approach was 
developed to simulate second-order nonlinear random waves 
and investigate the effects of the spectral width of different 
types of bimodal spectra and nonlinearity on wave height 
distribution. The following conclusions were drawn. 

(1) In deep water conditions, the spectral width has 
minimal effect on the wave height distribution, and the wave 
height can be approximated as a Rayleigh distribution. 

(2) When the wave nonlinearity is large, the Rayleigh 
distribution underestimates the wave height, especially the 
medium and high wave parts, as the spectral width increases. 
Under the energy-conserved condition, nonlinearity exerts a 
greater influence on wave height distribution than the 
spectral width. 

(3) The influence of the spectral width and nonlinearity 
on the wave height distribution can be reflected by the fitted 
shape parameters of the Weibull distribution. The fitting 
formula is simple and accurate. 

By combining theoretical analysis and numerical 
research, this study proposes a new method for calculating 
the design wave height. The distribution model established 
for nonlinear mixed waves is simplified and conforms to 
many sea conditions, and thus can serve as reference for 
coastal and ocean engineers. However, due to the lack of on-
site and experimental data, the application of the proposed 
method is limited. Future studies will combine experimental 
data with this model and apply corrections to increase the 
accuracy and application range of the calculation of the 
design wave height. 
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