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Abstract

The shear strength of some concrete materials should be analyzed based on elastic-plastic theory in petroleum, water
conservancy, tunnel engineering, and so on. The majority of researches concentrate mainly on the tensile and
compressive strength of concretes, but few have studied the shear strength. Concrete materials have been increasingly
applied broadly to geotechnical engineering. Thus, investigating the shear strength characteristics of concretes is of great
importance. To study the characteristics of shear strength of concrete materials, the theoretical relationship between
concrete’s compressive and shear strengths was discussed in the uniaxial, biaxial, and triaxial stress states. The concrete
strength envelopes under the biaxial and uniaxial compressive strength were studied. Given the concrete shear strength,
the overload method and the finite difference software FLAC3D were used to investigate the concrete failure modes and
ultimate bearing capacities. Results show that the theoretical formula under the 3D stress-bearing condition is only
applicable to the circumstance with equal compressive strengths under the biaxial and uniaxial conditions, which
conforms to 3D Mohr’s circle theory. 3D Mohr’s circle theory is not totally applicable to concrete materials where the
concrete compressive strength under the biaxial condition is larger than that under the uniaxial condition. Concrete
material gains its shear strength 47 percent from its frictional force while the rest form cohesive force. The study results
can provide a certain basis and reference for analyzing the shear strength characteristics of concrete materials.
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1. Introduction

Being the most widely used engineering material, concrete
has been extensively applied to various fields, such as
architecture, water conservancy, transportation, and national
defense. Concrete has characteristics of tensile and
compressive failure in architectural mechanics and tensile
and shear failure in elastic-plastic mechanics. Some concrete
materials are mainly under the elastic-plastic state in
petroleum, water conservancy, geotechnical, and tunnel
engineering applications [1-5]. For example, concrete is
usually used to replace some rock and soil mass to improve
the strength in geotechnical engineering. In this case, the
analysis of concrete shear strength via the elastic-plastic
mechanics research method is of great importance, but
concrete shear strength has been rarely included in previous
analyses.

According to the concept of elastic-plastic mechanics,
concrete belongs to the rock and soil type friction material,
which not only has cohesive force but also frictional force
[6-9], and its shear strength is usually expressed
approximately according to cohesion ¢ and internal friction
angle ¢. Nevertheless, concrete material is mostly expressed
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by the compressive strength in architectural mechanics,
not by the shear strength. The main differences between
architectural and elastic-plastic mechanics lie in their
development sequence, processing of mechanical methods,
and material strength index, but they are essentially the
same. With the increasing extensive applications of concrete
materials in rock and soil mass engineering, the two
computing methods must be combined to be applicable to
both traditional architectural and classical elastic-plastic
mechanics.

On this basis, the theoretical relationships between
concrete’s compressive and shear strength under the
uniaxial, biaxial, and triaxial stress states were discussed and
derived. The overload method and the finite difference
software FLAC3D were adopted to study the concrete
failure modes and the ultimate bearing capacities
(compressive strength) to provide a new idea for studying
the shear strength characteristics of concrete materials.

2. State of the art

Concrete materials have been extensively applied in fields,
such as architecture and water conservancy, and scholars
have conducted research on concrete materials as early as in
the 1940s. Yu et al. [10] studied the mechanical properties of
plain concrete (standard compressive strength was 30 MPa)
under different axial compressions and then obtained the
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concrete shear failure mode and the shear load—displacement
curves. Their results show that concrete shear failure
behaviors vary with the axial compression to a great extent,
and the shear bearing capacity of concrete increases with the
axial compression ratio, but the influence of the triaxial
stress state on concrete shear failure behaviors was not
investigated. French et al. [11] explored the mechanical
properties of concrete under uniaxial compression through a
test and described the evolution of the direct shear behaviors
of concrete specimens under static and dynamic loads based
on the time and frequency-domain data. Cong [12] proposed
a new method that integrates the straight shear and uniaxial
compression tests, but is lacking mechanical analysis under
the triaxial stress state and systematic tendency verification
through the numerical calculation method. Rukhaiyar et al.
[13] studied the concrete mechanical properties under
triaxial stress, and their results reveal that the strength
prediction error for ordinary concrete is the minimum under
the Hsieh-Ting—Chen criterion and small based on the
Drucker—Prager criterion for high-strength concrete.
Javanmardi [14] conducted uniaxial and triaxial tests on
cylindrical confined concrete specimens and calculated the
relationships among the axial stress, the lateral confining
stress, and the uniaxial compressive strength. These tests
could help analyze the concrete strength laws from the
perspective of triaxial stress conditions very well, thus
providing a certain reference for subsequent studies. Yang et
al. [15] researched the mechanical properties of high-
temperature and strength fiber reinforced concretes and
analyzed the effects of the content of recycled coarse
aggregate on the shear strength, peak shear strain, stress—
strain curve, and shear modulus of the specimens. These
studies analyzed the mechanical characteristics of concrete
materials from the perspectives of temperature and material
characteristics and extended the research scope of the
mechanical properties of concrete material, like shear.
Ahmed [16] performed 27 direct shear push-off tests on
high-strength concrete with and without steel fiber
reinforcement, proposed the calculation formula of direct
shear strength, and verified the test results with those of
other series. Wang [17] studied the failure mechanism of
ultrashort steel fiber reinforced concrete under compression
and shear composite loading conditions, discussed further
the relationship between the strength index and the fiber
volume fraction, and drew conclusions that could provide a
reference for engineering design and material selection,
however, the shear strength theory of the concrete was not
researched intensively. Deng [18] explored the shear
performance difference between recycled and common
concretes under the equal strength condition. The study
indicated that the stress—strain curve of the recycled concrete
is similar to that of common concrete, and its shear modulus
increases with the shear strength. Arezoumandi [19]
conducted an experimental investigation of the shear
performance of fly ash concrete with a large adulterate
amount and common concrete. Lim [20] performed a finite
element simulation to study the mechanical behaviors of
concrete under uniaxial, biaxial, and triaxial compressions,
proposed and popularized the application of the Lubliner
plastic model of concrete damage under uniaxial, biaxial,
and triaxial compressions, and verified the shear
characteristics of concrete from the numerical perspective
very well. However, the occurrence mechanism of this
phenomenon was not analyzed further.

Given the limitations of the existing researches, concrete
strength was included to establish the theoretical relationship
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between the compressive and shear strength, which was
verified through the numerical ultimate analysis method and
is expected to provide more theoretical bases and
mechanical characteristic laws for investigating concrete
shear strength.

The structure of this study is organized as follows.
Section 3 discusses the theoretical relationship among
concrete shear stress, normal stress, and shear strength and
mainly derives the three-shear energy criterion of the
friction-type material and the variable-strength energy
criterion of the concrete on offset plan. Section 4 presents
the numerical simulation of the compressive and shear
strengths of the concrete specimens and verifies the concrete
shear strength based on theoretical calculation and numerical
analysis. Section 5 summarizes this study and provides
relevant conclusions.

3. Methodology

3.1 Theoretical relationship derivation of concrete shear
stress, normal stress and shear strength

3.1.1 Derivation of three-shear energy criterion of
friction-type material

Mechanical relationships certainly exist among concrete
shear stress, normal stress, and shear strength. Theoretical
analysis indicates that friction-type material follows the
Mohr—Coulomb criterion in the biaxial stress state
(intermediate principal stress not considered). On the basis
of the traditional 3D Mohr’s stress circle theory, 3D Mohr’s
circle theory is not totally applicable to concrete material in
the 3D stress state. Based on 3D Mohr’s stress circle theory
(intermediate principal stress considered) complies with
three-shear energy criterion proposed by Gao-Zheng
Formulas (1), (2), and (3) express the three-shear energy
yield criteria, taking tensile stress as a positive stress.

psin(p+z(\/§cosﬁ —siné_sing
3 o [eg

1
l—ﬁtanegsingo M
=2ccos@
3+3tan’ 6, —43tan 6, sing
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0,-0, 0,%0; sing
2 2
1-(24—-1)sin @
=ccosQ, |[— - ¢
P~ —p+1+sinp(1-24)
op=22"% €))
0,-0;

The above formulas can be degraded into the Mises
criterion for metal materials and the Mohr—Coulomb
criterion for geotechnical materials under the single-shear
circumstance.

As a general rule, geotechnical materials take
compressive stress as positive stress, and relevant formula
with compressive stress taken as positive stress is provided.
The three-shear energy criterion is presented as follows:
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In Formula (6),
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The Mohr—Coulomb criterion is expressed as follows:
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The concrete specimen satisfies ¢; = 0 under the biaxial
stress state and at time

_ 2ccosg
' (1-sing)

1-2p-Dsing
B2 —B+1+sinp(1-28)"

)

Without considering the intermediate principal stress, it
can be written into the following forms according to the
Mohr—Coulomb formula:
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where 7 and ¢ are the shear and normal stresses on the
shear failure plane, respectively.
0, = o0, =0holds when the concrete specimen is at the

unidirectional stress state and can be simplified into the
following forms:

=20 5, (14)
l-sing
r:icosgo, (15)
2
o, .
az;(l—smgo):ccosq). (16)

Fig. 1 presents the limit curves of the Mohr—Coulomb
criterion and the three-shear energy criterion of the C25
concrete specimen in the principal stress space. The
calculation is implemented via the FLAC3D software, and
the calculation parameters are provided in Tab. 2. With
tensile stress taken as positive stress, o, is the maximum

compressive stress. Considering the calculation accuracy,
four decimal places are taken for the value of cohesion c.
The figure also displays the concrete strength limiting curves
obtained by Kupfer based on a test in the bidirectional stress
state. Under the five bidirectional compression test loading
schemes of the concrete specimens, namely, the loading

stress ratios o, / o, (tensile stress is taken as positive stress,
o, is namely o,) of -1/0, -1/-1, -1/-0.25, -1/-0.50, and -1/-
0.52, the finite element calculation results of the Mohr—
Coulomb criterion are compared with those of the three-
shear energy criterion first, which are consistent with each
other under the unidirectional stress state (o, /0, =—-1/0)

and have a high goodness of fit under the equal-proportional
compressive stress state ( o, / o, =—1/-1). Under the stress

ratio of o,/0, =-1/-0.25, the maximum compressive

strength obtained through the Mohr—Coulomb criterion is
lower than that through the three-shear energy criterion by
23%. The compressive strength obtained through the finite
element calculation based on the Mohr—Coulomb criterion is
compared with that according to the strength envelope of the
Kupfer test, and the results are consistent with each other
under the unidirectional stress state ( o, /o, =—1/0). Under

the equal-proportional stress state ( o,/0, =—1/-1), the

finite element calculation result is lower than the fitted value
in the test by 16%. When the stress ratio is
o,/ 0, =-1/-0.25, the finite element calculation result is

lower than the fitted value by 25%. Tab. 1 lists the
compressive strength ratios obtained through calculation
based on the two criteria above and those obtained through
the strength limiting curve according to the Kupfer test.

The above table shows that for concrete material, the
limiting curves of both the Mohr—Coulomb and three-shear
energy criteria have certain gaps from the test limiting curve
in the bidirectional stress state. Comparatively, the Mohr—
Coulomb limiting curve is partially conservative and can
serve as a strength criterion for concrete. Through the
strength envelope of the Kupfer test, the traditional 3D
Mohr’s circle theory in mechanics is not completely
applicable to concrete material. According to 3D Mohr’s
stress circle theory, the concrete compressive strengths
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under the bidirectional isobaric and unidirectional stress
conditions are equal (i.., o,), so Formulas (1) and (2) are

called the constant-strength three-shear energy criteria.
However, the test indicates that the concrete compressive
strengths under the two stress states are unequal, and the
compressive strength ( o,.) under the bidirectional isobaric

condition is larger than that ( o,) in the unidirectional stress
state. Therefore, compressive strength o, and the three-

parameter strength criterion under the bidirectional isobaric
condition are introduced in concrete mechanics. Theoretical

analysis indicates that o, is related to the intermediate
principal stress. The calculation indicates that o increases
correspondingly with the reduction of o,in Formula (2).

Thus, o, reduction coefficient & is introduced into Formula

Q).

Table 1. The concrete compressive strength under biaxial

0.2 T . . T T . .
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Fig. 1. The concrete strength envelopes under biaxial stress
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corresponding o, values are 1.24 ¢, 1.16 o,, 1.08 o, and . o020 1 !
. . . -12
o, , respectively. Under the £ = 1 condition, if o, =0,, 124 <
.14 . . L . .

then the strength envelope is the three-shear energy strength
envelope, that is, the concrete strength envelope in the equal
strength circumstance. When & = 0.5, the corresponding
three-shear energy strength envelope is very approximate to
the strength envelope of the Kupfer test. Formula (2) can
serve as the concrete strength criterion. At this time,

o,. #0,, that is, the concrete strength envelope under the
variable-strength conditions as shown in Fig. 3. When &k =
0.504, o, on the fitted curve overlaps with o, on the
strength envelope of the Kupfer test. Then, o, =1.154.

As the points of intersection are on the same straight
line, the following can be obtained according to the

proportional relation: o, =-0.32kc, +1.320,

o, =-032ko, +1.320,, (18)
:1.32—0'“/@ (19)
0.32

According to the calculation, when £ is applicable to the
(I > k> 0.25) and k£ < 0.25 conditions, o, will be reduced.

When k& = 0, the strength envelope is the Mohr—Coulomb
envelope.

-124.122 -120-118  -14 .12 -1 -08 -06 -04 .02 00 02

Fig. 2. The strength envelopes of different k values
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Fig. 3. The envelopes of different strength rules

3.1.2 Derivation of concrete variable-strength energy
criterion on offset plane
Formula (17) is substituted into the Lode angle formula:
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Formula (20) is substituted into Formula (4). Then, the
concrete strength envelope according to the variable-strength
energy criterion on the offset plane is obtained as shown in
Fig. 4. When the frictional angle increases, the Mohr—
Coulomb curve develops from an equilateral hexagon into
an equilateral triangle.

(20

0, =03

150/
Mohr-Coulomb

180

G5 &

240\

270

Fig. 4. The variable strength energy criterion curve of concrete on the
deviatoric plane

4. Results and analysis

4.1 Numerical analog calculation models and parameters
of compressive strength and shear strength of concrete
specimen

Concrete is a kind of strain softening material. However, in
the shear or compression-centered limit analysis, concrete
can be regarded as an ideal plastic material. A numerical
simulation of four different concrete specimens with
different dimensions and shapes was performed based on the
overload method and the finite difference software FLAC3D
in the finite element limit analysis method.

Scheme I: The model was in accordance with the
requirements specified in the Code for Design of Concrete
Structures (GB50010-2010), and the simulated concrete
specimens were cubes of 150-mm sides. Constraints were
imposed on the model undersurface, vertical downward
uniformly distributed load was applied to top surface while
transverse constraint was not applied, and the calculation
model is shown in Fig. 5. However, to simulate the failure
modes of the concrete specimens, a transverse friction
constraint should be applied on the surface. The elastic-
plastic constitutive model and the Mohr—Coulomb criterion
were used in the constitutive model, the specimens were
considered ideal elastic-plastic materials, and the concrete
models with four strength grades (i.e., C25, C30, C35, and
C40) were calculated. Given no unified specifications and
determination methods for concrete ¢ and ¢ values, they
were measured by combining the direct shear and uniaxial
compression tests in this study, and the elasticity modulus
and the Poisson’s ratio were taken according to the Code for
Design of Concrete Structures (GB50010-2010) as shown in
Tab. 2. The similarity ratio of the test and calculation models
was 1:1.

Uniform load

Fig. 5. Calculation model
Table 2. Parameters of concrete
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Concrete Elastic Poisson's | Density/ | Cohesion/ Friction
strength | modulus | ratio v/1 p/kN.m ¢/MPa angle / ¢/°
/ E/GPa
C25 28.0 0.2 2400 32 61.3
C30 30.0 0.2 2400 39 61.8
C35 315 0.2 2400 45 62.2
C40 32.5 0.2 2400 5.1 62.5
4.2 Comparative analysis of measured result and

numerical calculation result

The applied load was continuously adjusted in the
calculation process, the load value when the model reached
the ultimate failure mode was determined as the calculated
value of the concrete compressive strength, and whether or
not the model underwent failure was judged according to
three criteria of geotechnical failure. The displacements in
direction Y of 1# point, directions X and Y of 8# point,
directions X and Y of 9# point, and direction X of 12# point
in Fig. 5 were monitored during the calculation. Fig. 6
displays the displacement time history curve in the
convergence state of calculation, and the tail end of this
curve shows a horizontal line, indicating that the
displacement would no longer change and the calculation
reached convergence. Fig. 7 presents the displacement time
history curve in the non-convergence state, indicating that
the displacement experienced a sudden change when the
number of iterations reached 2,000, presenting an increasing
tendency. In addition, the calculation did not reach
convergence, indicating that the C25 concrete specimen
already experienced failure.

x 10+
0
12X
| 9X
-0.2
8X
04
-0.6
-0.8
-1.0
1.2 1Y
1.4] 8Y
02 0.4 06 0 08 10 12

Fig. 6. Curves of key points disp when converged
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Fig. 7. Curves of key points disp when unconverged

Scheme | The theoretical test value and the calculated
result of compressive strength were compared as shown in
Tab. 3.

Scheme II The specimen was a cube with dimensions of
1500 mm x 1500 mm x 1500 mm, while the other conditions
were the same as those in Scheme 1. The calculation results
are listed in Tab. 4.

Scheme III The specimen was a cylinder with a diameter
of 150 mm and a height of 300 mm. The other conditions
were the same as those in Scheme 1. The calculation results
are shown in Tab. 5.

Scheme IV The specimen was a cylinder with a diameter
of 150 mm and a height of 150 mm. The other conditions
were the same as those in Scheme 1. The calculation results
are presented in Tab. 6.

Table 3. The comparison of compressive strength measured
values and the calculated results in Schemel

Calculation Theoretical Error
value of test value of between
Concrete compressiv compressive calculated
strength e strength strength t‘;ntl(:l:e?'l;gl
/MPa /MPa !
value /%
C25 25.01 25.00 0.04
C30 31.05 30.00 3.50
C35 36.36 35.00 3.89
C40 41.68 40.00 4.20

Table 4. The comparison of compressive strength measured
values and the calculated results in Scheme I

Calaclul:f)l;)n Theoretical Error between
Concrete co:n l;ess' e test value of calculated value
strength pressiy compressive and theoretical
strength strength /MPa value /%
/MPa g °
C25 24.98 25.00 0.08
C30 31.02 30.00 3.40
C35 36.33 35.00 3.80
C40 41.66 40.00 4.15

Table 5. The comparison of compressive strength measured
values and the calculated results in Scheme 11

Calclulatl;)n Theoretical Error between
Concrete CO‘I;? l;:s(;ive test value of calculated value
strength p compressive and theoretical
strength strength /MPa value /%
/MPa g °
C25 25.01 25.00 0.04
C30 31.05 30.00 3.50
C35 36.36 35.00 3.89
C40 41.68 40.00 4.20

Table 6. The comparison of compressive strength measured
values and the calculated results in Scheme IV

Calaclul;lf)l;)n Theoretical Error between

Concrete co:;l l;essive test value of calculated value

strength p compressive and theoretical
strength trength /MPa alue /%
/MPa S g valu (]
C25 25.01 25.00 0.04
C30 31.05 30.00 3.50
C35 36.36 35.00 3.88
C40 41.67 40.00 4.17

Through the calculation of the four schemes, Tabs. 3, 4,
5, and 6 indicate that the calculated compressive strength
was very approximate to the theoretical test value, where the
maximum and minimum errors were 4.20% and 0.04%,
respectively, and the error between the calculated
compressive strength and the theoretical test value in
different schemes under the same strength grade was very
small, indicating that the concrete strength parameters (c and
@) determined through the test were reasonable. Notably, the
compressive strength was unrelated to the material
dimensions or shape because concrete is regarded as ideal
homogeneous material in the calculation, but the actual
specimen was not a homogeneous material with a certain
size effect.

4.3 Verification analysis of concrete shear strength
through  theoretical calculation and numerical
calculation

According to the above study, ¢ could be obtained through
the direct shear test (¢ value could be solved through
Formula (14)). Given the concrete compressive and shear
strengths, the above numerical analysis and the theoretical
formulas could be used to verify the accuracy of the shear
strengths (Tab. 7). Tab. 8 lists the weights of the cohesion
and frictional force in the compressive strength calculated
through numerical analysis and the theoretical formula.
Frictional force accounted for 47% of the shear strength,
while the cohesion part accounted for 53%. Meanwhile,
Formula (14) could also prove the accuracy of the results
shown in Tab. 8. Hence, frictional strength indeed exists in
the concrete compressive strength, manifesting the
correctness of the theoretical analysis.

Table 7. The verification of shear strength of different
strength concrete
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Ultimate load Error
between

Concrete i @ Theoretical | Numerical theoretical

strength /° solution/ solution/ solution and
Mpa .
o, o, numerical
solution /%
C20 2.6 | 60.09 20.03 20.03 0.0000
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C25 3.2 61.3 25.02 25.01 0.0278 C50 6.1 62.9 50.62 50.61 0.0237
C30 3.9 61.8 31.05 31.05 0.0100 C55 6.6 63.1 55.19 55.19 0.0074
C35 4.5 62.2 36.37 36.36 0.0201 C60 7.2 63.3 60.68 60.67 0.0160
C40 5.1 62.5 41.68 41.68 0.0095
C45 5.6 62.7 46.12 46.13 0.0236
Table 8. Value of shear strength of concrete
Concrete Compressive strength Shear strength / ¢ Cohesion /¢ Friction / & tan ¢
strength /O-l
Computing Theory | Numerical | Theory | Numerical | Theory | Numerical Weight Theory | Numerical Weight
method simulation simulation simulation simulation
C20 20.03 20.03 4.87 4.87 2.60 2.60 0.53 2.27 2.27 0.47
C25 25.02 25.01 6.01 6.01 3.20 3.20 0.53 2.81 2.81 0.47
C30 31.05 31.05 7.34 7.34 3.90 3.90 0.53 3.44 344 0.47
C35 36.37 36.36 8.48 8.48 4.50 4.50 0.53 3.98 3.98 0.47
C40 41.68 41.68 9.62 9.62 5.10 5.10 0.53 4.52 4.52 0.47
C45 46.12 46.13 10.58 10.58 5.60 5.60 0.53 4.98 4.98 0.47
C50 50.62 50.61 11.53 11.53 6.10 6.10 0.53 543 543 0.47
C55 55.19 55.19 12.48 12.48 6.60 6.60 0.53 5.89 5.89 0.47
C60 60.68 60.67 13.63 13.63 7.20 7.20 0.53 6.43 6.43 0.47

5. Conclusions

To further study the shear strength characteristics of
concrete materials, the theoretical relationships among
concrete shear stress, normal stress, and shear strength were
analyzed through theoretical derivation. Meanwhile, the
theoretically calculated concrete shear strength was
numerically verified via numerical simulation. The
following conclusions could be drawn:

(1) The concrete compressive strength shows a certain
theoretical relationship with shear strength, and theoretical
formulas of the concrete materials under the triaxial and
biaxial stress states were derived and analyzed. The
theoretical formula in the triaxial stress state is only
applicable in cases consistent with the 3D Mohr’s circle
theory with equal compressive strengths in the biaxial and
uniaxial stress states, which is called constant-strength
energy strength criterion.

(2) The analysis indicates that the 3D Mohr’s circle
theory cannot be fully adopted to study concrete material,
especially when the compressive strength in the biaxial
stress state is larger than that in the uniaxial stress state.
Therefore, the constant strength energy criterion should be
corrected in terms of concrete shear strength.

(3) Given the concrete compressive strength, the
accuracy of the shear strengths of concrete materials with
different strength grades is verified based on theoretical
calculation and numerical analysis. The numerical
simulation shows that concrete material gains its shear strength
47 percent from its frictional force while the rest form cohesive
force.

The concrete shear strength was investigated in this
study through theoretical derivation and numerical
simulation. The theoretical relationship between concrete
compressive and shear strengths was established, thus
providing a new idea for future studies regarding concrete
shear strength. However, restricted by the length of the
study, no laboratory test was implemented for verification.
The author will continue relevant experimental studies to
derive more useful mechanical characteristic laws of
concrete shear strength and enrich the research results.
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