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Abstract 
 

Longitudinal cracks in actual tunnel linings are 3D semi-embedded. The fracture properties of lining are influenced by 
numerous factors, such as steel bar, fracture geometry, and boundary conditions. A 3D numerical model for analyzing the 
cracking behavior of reinforced concrete lining was proposed in this study. This model was used to investigate the 
fracture characteristics of 3D semi-embedded cracks on reinforced concrete lining in mountain tunnels. The 
approximation formula for stress intensity factors (SIFs) of the crack tip in reinforced concrete tunnel lining was deduced. 
Moreover, the numerical models of 3D semi-embedded and 2D edge cracks were constructed on the basis of the finite 
element method. The outcomes of the 2D and 3D models were compared via case study. The effects of tensile 
reinforcement ratio, position of reinforcing bars, and the relative height and angle of the cracks on SIF were discussed. 
Results demonstrate that the SIF of 3D semi-embedded cracks is less than 50% of that of 2D edge cracks. The SIF of the 
crack tip decreases significantly after considering the effect of steel bars, and it is negatively related to the tensile 
reinforcement ratio and longitudinal propagation of lining crack prior to vertical propagation. This study serves as a 
reference for designing secondary linings in tunnels.  
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1. Introduction 
 
The continuous expansion of tunnel construction scale and 
the increase in tunnel service time has caused the gradual 
degradation of lining structure, wherein crack is a principal 
defect. About 80% of tunnels built in China more than 10 
years ago have lining cracks in varying degrees, which may 
also occasionally exist in newly constructed tunnels [1]. 
Cracks not only affect the beauty and endurance of lining 
structures, destroy the structural integrity of the 
infrastructure, and shorten the service life of tunnels. They 
may also cause the overall collapse of the lining structure in 
serious cases, resulting in huge economic losses and adverse 
social effects. Hence, reinforced concrete structure is often 
applied in tunnel lining at regions with poor surrounding 
rock conditions or in portal sections. Steel bars can inhibit or 
delay further crack propagation and prevent brittle failure of 
the concrete structure due to rapid crack propagation, which 
is conducive to improving the bearing capacity of linings 
effectively [2]. 

However, studies show that reinforced concrete lining’s 
cracking behavior is sensitive to multiple factors. Analyzing 
fracture parameters is increasingly difficult because cracks 
in actual tunnel lining structures are generally complicated 
3D nonplanar. Therefore, a rapid and accurate assessment of 

the safety and failure behaviors of actual lining structures is 
difficult to achieve. 

The cracking behaviors of linings have been the subject 
of many studies [3-7]. However, the numerical calculation 
model of cracks on reinforced concrete structures deviates 
from the actual working state to a certain extent, and 
relevant theoretical studies are lacking. Hence, quantitatively 
investigating the performance of steel bars in the crack 
arresting of tunnel lining structures and accurately 
calculating the fracture parameters of lining structures with 
complicated 3D cracks are interesting and meaningful 
research endeavors. 

An approximation formula for the SIF of crack tip at the 
vault was deduced in this study, and a numerical model of 
reinforced concrete lining crack was constructed on the basis 
of finite element method (FEM). The influences of steel bar 
parameters, fracture geometry, and boundary conditions on 
SIF were also discussed, and the 3D propagation path of 
cracks was analyzed to provide references to the 
reinforcement design of tunnel lining structures. 
 
 
2. State of the art  
 
A series of investigations on the fracture behaviors of 
concrete structures have been performed. However, only a 
few scholars have studied fracture mechanics of concrete 
structures based on tunnel engineering cases. The majority 
of the findings on the causes of tunnel lining cracks are 
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general and qualitative. The numerical studies on cracks 
have performed qualitative analysis on the possible positions 
of cracks from the perspectives of stress and deformation, 
but works that used intuitive and quantitative methods are 
lacking. Moreover, the theoretical system on crack stability 
is not comprehensive enough. Bosco et al. [8] studied the 
failure behavior of reinforced beams with edge cracks in a 
matrix by using the SIF at the crack tip, and equal and 
opposite forces were applied on the crack surface to simulate 
the restraint of steel bars. However, this method was limited 
to 2D cracks. On the basis of the fracture mechanical theory 
and virtual crack model, Yang et al. [9] analyzed the 
influences of reinforcement modes on the inhibition of crack 
propagation on the panel surface of a rock-fill dam and 
found that single-layer reinforcement was superior to 
double-layer reinforcement under the same tensile 
reinforcement ratio. However, this method was inapplicable 
to the tunnel lining structure. Azad [10] determined the 
fracture energy of reinforced concrete beams through 
experimentation. Ruiz [11] studied the fracture of lightly 
reinforced concrete beams via experimentation and found 
that the size effect of ultimate bearing capacity was 
proportional to the tensile reinforcement ratio. Chambel [12] 
proposed I, II, III, or mixed-mode fatigue crack propagation 
modes under plane strain and plane stress conditions on the 
basis of the FEM but ignored the fracture parameters of 3D 
cracks. Rabold et al. [13-14] presented a finite element 
software for automated simulation of fatigue crack growth in 
arbitrarily loaded 3D components. They calculated SIF 
range by combining submodel and interaction integral 
technologies. However, this software neglected the 
restraining effect of reinforcing bars on cracks and was 
inapplicable to reinforced concrete structures. Li et al. [15] 
developed an automatic simulation method of 3D nonplanar 
crack propagation on the basis of FEM. Bremberg et al. [16] 
proposed a numerical calculation method of composite SIF. 
The complex fracture problem of tunnel lining structures is 
often solved by using numerical approaches due to 
complicated structural forms and boundary conditions of 
tunnels. Xu [17] analyzed the fracture behavior of 
longitudinal cracks on lining at tunnel vaults on the basis of 
the theory of fracture mechanics and offered a SIF formula 
under simple loads. Meanwhile, the influencing law of crack 
depth on SIF was determined through a numerical analysis 
of the tunnel lining structure, but the results were 
inapplicable to reinforced concrete lining structures. Xu et al. 
[18] explored the fracture mechanics of plain concrete and 
single- and double-steel bar sections in hydraulic tunnels 
with pressure. They also deduced the SIF under different 
internal hydraulic pressures and determined the double-K 
fracture parameters of the abovementioned lining structures, 
but neglected 3D effect. Fan et al. [19] numerically 
simulated tunnel dmage by using the extended FEM (XFEM) 
and implemented a tunnel model experiment. Their results 
showed that the XFEM of the tunnel could simulate the 
propagation path of initial cracks well, and the tunnel model 
had evident shearing failure. Compressive strength reached 
the maximum when the flatness ratio was 1.7. Huang et al. 
[20] performed a field investigation and statistical analysis 
on crack defects of tunnel lining structures in 48 highways in 
Zhejiang Province, China. The distribution characteristics of 
cracks on highway tunnel lining structures and the main 
influencing factors of lining cracking behavior were revealed. 
Moreover, the crack distribution pattern, crack propagation 
process, crack appearance, and generation mechanism of 
lining structures under external loads were discussed through 

XFEM. On the basis of the theory of mechanics of concrete 
fractures, Zhang et al. [21-22] investigated the influencing 
laws of crack depth, crack width, and number of cracks on 
the safety of tunnel lining structures by using the planar 
FEM. Wang [23] proposed a fracture criterion on plain 
concrete lining structures on the basis of the theory of 
mechanics of concrete fractures and calculated the SIF at the 
crack tip with the fracture module of ANSYS. However, this 
method is limited to plain concrete linings. 

These studies have mainly focused on the fracture 
characteristics of plain concrete structures. However, 
quantitative assessments of the crack arresting effect of steel 
bar on lining structures are limited. Only a few studies have 
discussed the fracture problems of reinforced concrete lining 
structures with 3D cracks. SIF is an important mechanical 
parameter for assessing structural safety and failure 
behaviors of tunnel linings. In the present study, an 
approximation formula of SIF for cracks at the vault of 
reinforced concrete lining structures was deduced by using 
the theory of mechanics of fractures. The SIF calculation 
models for 2D edge and 3D semi-embedded cracks in tunnel 
lining structures were constructed using ANSYS software. 
Considering the influences of fracture geometry and steel 
bar, a numerical analysis of the 3D cracking problem of 
reinforced concrete lining structures was implemented. The 
influences of the main parameters on SIF and 3D 
propagation path of cracks were discussed. This study is 
expected to serve as a reference for the reinforcement design 
of tunnel lining structures. 

The remainder of this study is organized as follows. 
Section 3 presents the constructed numerical model of 
reinforced concrete lining cracks and deduced 
approximation formula of SIF for cracks at the vault. Section 
4 discusses the effects of the tensile reinforcement ratio, 
reinforcement position, crack angle, and relative depth on 
SIF. Moreover, the 3D propagation path of lining cracks is 
explored by using the XFEM.Section 5 summarizes the 
conclusions. 
 
 
3. Methodology  
 
Longitudinal cracks, which are mostly found at the vault, are 
a threatening defect in tunnel engineering. These cracks are 
extremely short in comparison with the length of tunnels. 
According to statistics [24], more than 70% of longitudinal 
cracks are less than 10 m long, and crack depths reach a 
maximum of 0.5 times that of the lining thickness. Hence, 
longitudinal cracks in actual tunnel linings are 3D semi-
embedded cracks (Fig. 1) that will cause serious errors by 
using a simplified calculation, such as that of 2D edge cracks. 
The geometric description of 3D cracks is shown in Fig. 2. 

In this study, the fracture behavior is analyzed on the 
basis of a typical profile of the Bapanshan Tunnel in 
Tianshui City, Gansu Province, China. The cracking 
characteristics of 3D cracks on reinforced concrete lining 
structures are also investigated. The main research contents 
are presented as follows: 

 
(1) An approximation formula of SIF at the crack tip on 

the lining vault is derived. 
(2) A numerical model of 2D edge crack in reinforced 

concrete lining is constructed, and the SIF of crack tip is 
calculated. 
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(3) A numerical model of 3D semi-embedded crack in 
reinforced concrete lining is constructed, and the SIF of 
crack front is calculated. 

(4) The spatial propagation path of 3D semi-embedded 
cracks is calculated. 

 

 
Fig. 1.  3D semi-embedded crack 
 

 
Fig. 2.  Geometric description of 3D cracks 
 
 
3.1 Deduction of an approximation formula of SIF for 
tunnel lining cracks 
For mountain highway tunnels, a section is generally a 
multicenter circle, and an arch can be approximately viewed 
as a section of an arc. The SIF of the crack tip at the vault 
can be approximately expressed by using the SIF of three-
point bending specimens of an arched beam as follows [25]: 

 
                                                (1) 

 
where  is the SIF produced by using external loads at the 

vault crack tip. , where  is the 

concentrated force on the arched beam;  is the span;  is 
the height of the arched beam;  is the bending moment of 
vault;  is the thickness;  is the shape influence 
coefficient. 

The effects of the steel bar are neglected in Eq. (1). With 
consideration for the crack propagation inhibition of steel 
bars, the superposition principle indicates that. 

 
                                       (2) 

 
where  is the SIF at the reinforced lining vault, and  
is the SIF produced by the steel bar constraining force at the 
crack tip of the vault. Eq. (2) shows that the closing force of 

steel bar generates a reversed SIF that hinders crack 
propagation and decreases the SIF of cracks from  to 

. The reduction amplitude is only equal to the SIF 
( ) produced by the closing force . The calculation 
process is presented in Fig. 3.  can be calculated 
according to the following formula used in [2]: 
 

                                                 (3) 

 
The  can be expressed as follows:  
 

             (4) 

 
where , ,  is the distance between the steel 

bar center and bottom of the component;  is the initial 
length of crack;  is the constraining force of the steel bar. 
 

 
Fig. 3.  Closing force of the steel bar 

 
3.2 Numerical calculation model 
The section of Bapanshan tunnel (Fig. 4) is three-centered 
circle with an arch radius of 5.5 m.The major calculation 
parameters of this tunnel are listed in Tables 1 and 2. The 
plane geometry of lining crack is shown in Fig. 5, and the 
geometric description of 3D semi-embedded cracks is 
presented in Fig. 6. SIF was solved by using the interaction 
integral method with the fracture module of ANSYS. Only 
the SIF of I-type crack tip ( ) was calculated in this study 
because I-type cracks are the most common and threatening 
ones. 
Table 1. Geometric parameters  of tunnel 

   
9.14 11.78 0.45 

 
 
Table 2. Material parameters of tunnel 

Materials 
Elastic 

Modulus 
 

Poisson’s 
ratio 

Coefficient 
of elastic 
reaction 
( ) 

Unit weight 
( ) 

Concrete 29.5 0.20 / 25 
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Surrounding 
rocks 5.0 0.35 200 22 

steel bar 206 0.30 / 78 
 

 
Fig. 4. Photo of the Bapanshan tunnel 
 
 

 
Fig. 5.  Plane geometry of lining crack 
 

 
Fig. 6.  3D semi-embedded cracks in the tunnel lining 
 
3.2.1 Numerical model of SIF for 2D edge cracks in 
reinforced concrete lining structures 
Lining was simulated by using plane 183 elements, whereas 
the surrounding rocks were simulated by using link10 
elements set to the compression-only state. The steel bar was 

simulated by applying link8 elements. Steel bar and lining 
concrete were bonded through the node-coupled equation. 
Singular elements were set at the crack tip by using the 
fracture module of ANASYS, thus simulating the singularity 
of the crack tip. SIF was solved via the extrapolation method 
of 1/4 node displacement. The local model of the crack tip at 
the vault is shown in Fig. 7. 
 

 
Fig. 7.  2D edge crack meshing 
 
3.2.2 Numerical model of SIF for the 3D semi-embedded 
crack in the reinforced concrete lining structure 
Parameterized modeling method was applied in this study. 
The lining was simulated by using solid186 elements, 
whereas the surrounding rock was simulated by applying 
link10 elements set to compression-only state. Steel bar was 
simulated by using link8 elements. The 2D edge crack 
model was stretched into solid grids. Nodes at the same 
positions of other regions out of the crack can be combined 
to form 3D semi-embedded cracks. The finite element 
meshing of the 3D semi-embedded crack is shown in Fig. 8. 
Similar to the 2D fracture analysis, SIF of the 3D crack can 
be calculated by using the extrapolation method of 1/4 node 
displacement. 
 

 
Fig. 8.  3D semi-embedded crack meshing 
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3.2.3 Numerical model of 3D semi-embedded crack 
propagation 
The 3D semi-embedded crack propagation path was 
calculated via XFEM. The modeling method was consistent 
with the calculation model of SIF, and the cracks were 
prefabricated at the vault elements of lining by using the 
level set method. 

 
 

4 Result Analysis and Discussion 
 

4.1 Calculation of SIF 
The relative height and angle of cracks were set to 0.2 and 
0°, respectively. The thickness of the protection layer was 
0.035 m. A concentrated load  was applied at 
the vault. Theoretical analysis and numerical simulation 
analysis results under different relative heights of the cracks 
are listed in Table 3. 
 
Table 3. Comparison of the calculation results 

 
Calculated results of the 

 approximation 
 formula ( ) 

Numerical simulation  
 results( ) 

Error  

0.20 2.42 2.34  3.42% 
0.25 2.83  2.55  10.98% 
0.30 3.26  2.95  10.51% 
0.35 3.63  3.16  14.87% 
 

Table 3 shows that the calculated results of the 
approximation formula are similar to the numerical 
simulation results when the relative height is 0.2. However, 
the error increased gradually with the increase in relative 
height of cracks. The relative error reached 14.87% when the 
relative height was 0.35. The basic hypothesis of the 
approximation formula deviated from practical experience to 
a certain extent, and the influences of parameters, such as 
crack angle and reinforcement position, are neglected. Hence, 
only a general estimation could be offered. The numerical 
analysis results of the fracture parameters obtained high 
accuracy due to the complicated structural forms and 
boundary conditions of the tunnel-reinforced concrete lining. 

 
4.1.1 Comparison of SIF between 2D edge and 3D semi-
embedded cracks 
The relative height and angle of cracks were set to 0.2 and 
0°, respectively. The effects of reinforcement and fracture 
geometry were neglected. Comparisons of the analysis 
results of 2D edge, 3D edge, and 3D semi-embedded cracks 
are presented in Table 4 and Fig. 9. The cracks are shown in 
Figs. 10 and 11. 
 
Table 4. of the crack front 

Fracture 
form 

Coordinates of nodes on the crack front (m) 
1.2 1.3 1.4 1.5 1.6 1.7 1.8 

2D edge 
crack 4.25 4.25 4.25 4.25 4.25 4.25 4.25 

3D edge 
crack 4.10 4.10 4.10 4.10 4.10 4.10 4.10 

3D semi-
embedded 

crack 
1.30 1.83 2.01 2.09 2.01 1.83 1.30 

 

Fig. 9.  Comparison of the analysis results 
 

 
Fig. 10.  Deformation of 3D semi-embedded cracks 
 

 
Fig. 11.  Deformation of 3D edge crack 

 
 
According to the calculated results, the SIF values of 2D 

edge and 3D edge cracks were relatively consistent with a 
relative error of less than 4%, thereby confirming the 
accuracy of the model-calculated results. However, the SIF 
of the 2D edge crack obtained a large error with SIF of the 
3D semi-embedded crack. SIF of the 3D semi-embedded 
crack was less than 50% that of the 2D edge crack under the 
same conditions because the constraint of concrete at the two 
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ends of the cracks to the crack was ignored, and the crack 
was easily propagated. Accordingly, the  distribution was 
uneven on the crack front. in the middle was higher than 
those at the two sides and demonstrated a difference of 
nearly 40%. 
 
4.1.2 Effects of fracture geometry on  

under different crack angles and relative heights without 
consideration for reinforcement was calculated. A 3D 
surface diagram was drawn on the basis of the calculated 
results (Figs. 12–13). 
 

 
Fig. 12. Influences of relative height and angle of cracks on  (2D 

edge crack) 
 

 
Fig. 13. Influences of relative height and angle of cracks on  (3D 

semi-embedded crack) 
 

The influence coefficient of fracture geometry was 
defined as , which is the ratio of current SIF relative to 

 when  and .  of the 2D edge crack is 
presented in Table 5, and  of the 3D semi-embedded crack 
front (z = 1.5) is listed in Table 6. 

 
Table 5. of the 2D edge crack 

  

0.2 0.3 0.4 0.5 0.6 
0° 0.67 0.83 1.00 1.20 1.41 
5° 0.66 0.82 0.99 1.19 1.40 

10° 0.65 0.81 0.97 1.16 1.36 
15° 0.61 0.75 0.90 1.06 1.23 

 
 
 
 

 
Table 6. of the 3D semi-embedded crack 

  

0.2 0.3 0.4 0.5 0.6 
0° 1.15 1.13 1.00 0.78 0.49 
5° 1.02 1.00 0.88 0.67 0.41 

10° 1.02 1.00 0.87 0.67 0.40 
15° 1.00 0.98 0.86 0.66 0.40 
 
The calculated results indicate that the relative height 

and angle of cracks can significantly influence . For 2D 
edge and 3D semi-embedded cracks, is negatively 
correlated with the crack angle. An opposite correlation is 
found between the relative height of cracks and . The  
of the 2D edge crack increases with relative height of cracks, 
whereas the of 3D semi-embedded crack declines 
gradually. This result is mainly because the constraint of 
concrete at the two sides of the 3D semi-embedded crack to 
the crack propagation is considered. 

 
4.1.3 Influences of steel bars on  

under different tensile reinforcement ratios(ρ) and 
positions of reinforcing bars when relative height and angle 
of cracks are fixed (  and ) were calculated. 
The influence factor of steel bars ( ) as the ratio of  
with and without reinforcement was defined. The calculated 
results are shown in Figs. 14–16 and Tables 7 and 8. 
 

 
Fig. 14.  Influences of steel bar on  (2D edge crack) 

 

 
Fig. 15.  Influences of steel bar on  (3D semi-embedded crack) 
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Fig. 16.  Relation curve between  and ρ 

 
Table 7. of the 2D edge crack 
Reinforcement 

position (m) 
ρ(E−03) 

0.00 1.69 2.53 3.38 4.22 5.07 
0.035 1.00 0.64 0.55 0.49 0.44 0.40 
0.07 1.00 0.68 0.60 0.54 0.49 0.45 
0.10 1.00 0.76 0.68 0.62 0.57 0.54 
0.13 1.00 0.83 0.77 0.72 0.67 0.63 
0.30 1.00 1.00 1.00 1.00 1.00 1.00 

 
Table 8. of the 3D semi-embedded crack 
Reinforcement 

position (m) 
ρ(E−03) 

0.00 1.69 2.53 3.38 4.22 5.07 
0.035 1.00 0.64 0.55 0.49 0.44 0.40 
0.07 1.00 0.68 0.60 0.54 0.49 0.45 
0.10 1.00 0.76 0.68 0.62 0.57 0.54 
0.13 1.00 0.83 0.77 0.72 0.67 0.63 
0.30 1.00 1.00 1.00 1.00 1.00 1.00 

 
According to calculated results, the influence coefficient 

of steel bar decreased with the increase of the tensile 
reinforcement ratio, thereby indicating the significant 
inhibition of steel bars to crack propagation. In the 
calculation of 3D semi-embedded cracks, such inhibition 
effect was weaker than that of the 2D edge crack. The 
reinforcement position could influence  significantly. 

decreased with the increase in the thickness of the 
protection layer. However, remained basically the same 
when the steel bar was located in the compressed regions. 

 
4.2 Propagation path of the 3D semi-embedded crack 
The propagation path of the 3D semi-embedded crack was 
calculated via XFEM. Vertical displacement was applied to 
the middle of vault. The calculated results are shown in Figs. 
17–20. 

 

 

Fig. 17.  Initial crack 
 

 
Fig. 18.  Crack propagation path at step 12 

 

 
Fig. 19.  Crack propagation path at step 17 

 

 
Fig. 20.  Vertical crack propagation 

 
The calculated results of the crack propagation path 

indicated that longitudinal propagation (along the length 
direction) first occurred in the concrete crack under 
concentrated loads at the vault, followed by simultaneous 
longitudinal and vertical (depth direction) propagations. 
 
 
5. Conclusions 
 
To explore the cracking characteristics in reinforced 
concrete lining structures in mountain tunnels and determine 
the stability of 3D semi-embedded cracks, theoretical and 
numerical calculation models of SIF of the reinforced 
concrete lining structure was proposed in this study. A case 
study was performed to analyze the SIF and crack 
propagation path of the 3D crack on a reinforced concrete 
structure obtained by using the proposed models. The 
following conclusions could be drawn from this study:  

(1) The installation of ordinary steel bar in the lining 
structure could significantly reduce the SIF at the crack tip. 
SIF was negatively correlated with the tensile reinforcement 
ratio. 

(2) The SIF of 3D semi-embedded cracks was less than 
50% that of 2D edge cracks under the same mechanical 
conditions. The relative height of cracks oppositely affected 
the SIF of 2D and 3D cracks. 

(3) Crack propagation along the length direction 
occurred earlier than that along the depth.  
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A new understanding on the 3D analysis of fracture 
parameters of reinforced concrete lining structures was 
realized in this study by combining the theoretical 
investigations and numerical analysis. The constructed 
model was closer to practical field situations and could serve 
as a reference to the reinforcement design of secondary 
lining in tunnels. However, the proposed model must be 
verified using experimental data, which are conducive to 
achieving accurate understanding on crack initiation and the 
propagation laws of lining structures under complicated 
stress conditions. 
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