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Abstract 
 

In this article, the development of an algorithm for the implementation of the Splines technique in trajectory planning 
oriented to autonomous vehicles manned or unmanned in single-lane lane change processes in the double lane for 
obstacle evasion is exposed. Two different environments are used that emulate short trajectories, in variable 
environments in time and space, using Splines in a moving vehicle, for the vehicular overpass by lane change. A graphic 
interface is developed in Matlab® that allows exploring in a visual way the trajectory generated by the vehicle; it is 
possible to show that it is not possible to define a single path, starting from a particular object. 
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1. Introduction 
 
With the advance of computational algorithms and the 
arrival of artificial intelligence [1], the implementation of 
autonomous vehicles [2] represents a high impact factor. 
However, previous studies in this field, use different 
techniques such as trajectory planning through routes 
delimited on highways with magnets [3]. Another of these 
examples is the trajectory planning of dynamic systems for 
agile autonomous vehicles [4], where an algorithm is applied 
to cars whose dynamics are described either by ordinary 
differential equations or by high-level hybrid 
representations, applicable to terrestrial robots or 
autonomous helicopters. On the other hand, these methods 
are based on the need for control and planning of smooth 
trajectories, for example, those required in robotic 
manipulators [5]. In [6], an investigation is presented using 
the Laplace equations, where constraints are generated for 
the generation of a potential function on the regions of the 
configuration space of an end effector. 
With the continuous technological advance in the 
development of hardware and software tools [7], it is 
increasingly easier to implement techniques such as Splines 
[8] [9] for the calculation of trajectories in autonomous 
driving systems. This type of application has a function or 
mathematical representation of the trajectory of an object, 
where it is possible to generate an approximation through a 
new continuous path with "smoothing". 
 In this way, this article proposes a trajectory planning 
system oriented to autonomous vehicles unmanned or 
manned in single-lane lane change processes for double 
carriageway through the implementation of the Spline 
technique.  

 The article is divided into three sections, where the first 
section, corresponding to methods and materials, exposes the 
information referring to the design parameters, development 
environments of the algorithm and the Spline function 
implemented. The second section presents the results and 
discussions regarding the implementation of the Spline 
function on the trajectory vector, as well as its operation 
through a user interface. Finally, the conclusions obtained 
respecting to the application of the implemented algorithm 
are presented. 
 
 
2. Methods and Materials 
 
The general process for the development of the spline 
planning system is presented in Fig. 1. 
 

 
Fig. 1. General block diagram. 
 
 Each of the blocks is explained below. 
 
Design Parameters: The Tab. 1 shows the 7 parameters 
considered in the design. The speed of the vehicle is 
presumed constant, but when taking into account as a 
variable value, a linear approach can be implemented as 
defined by Eq 1., where “ODD” is the detection distance of 
the object in meters, "Vcar" is the current vehicle speed 
expressed in km/h and "Drmax" is the maximum reaction 
time when driving in seconds. These allowed to establish a 
dynamic use of the system, by varying the detection distance 
of the object starting from a maximum conduction reaction 
time of 1s [10] [11]. 
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Table 1. Selected design parameters 
Parameter Value 

Lanes 2 
Driving direction Unique 

Constant vehicle speed 60 km/h 
Study objects 1 

Object detection distance 16.67 m 
Rail width 3.2 m 

Max driving reaction time 1 s 
 
𝑂𝐷𝐷 =	 (&'())∙,---∙./0(1

23--
       (1) 

 
Environments: The planning process for the lane change, 
two main scenarios extracted from [12] were used, based on 

images with resolution 320x180 pixels, that correspond to 
change to the right lane and change to the left lane, using 10 
states for each one. In which, on the image of the camera 
(see Fig. 2-a), the position and dimension of the study object 
was highlighted with a yellow rectangle (see Fig. 2-b). In 
addition to indicating the approximate position of the vehicle 
on the current lane defined in the vector representation of 
Eq. 2. Where the array is composed by the parameters [x1, 
y1, w, h, car_position], where x1 and y1 refer to the 
coordinate of the RoI (Region of Interest) [13] in the upper 
left corner, while w and h correspond to the width and height 
of the RoI respectively, finally car_position is the current 
position of the vehicle between the lanes, based on the 
spatial distribution defined by Fig. 3. 

 

  
a. b. 

Fig. 2. a) Original frame. b) Study object detected and marked. 
 

𝑣𝑡 = 	 [68, 68, 55, 40, 1.6]      (2) 

 
Fig. 3. Spatial distribution for lanes. 
 
Algorithm: The control algorithm receives as input signals, 
the current lane of the vehicle according to its location 
defined between 2 lanes of one-way, if it detects a nearby 

object or not, next to information about the RoI with greater 
weight, to either avoid collision or avoid the object 
identified by a lane change. 
 For the trajectory planning stage, based on the 
identification of the relative angular position of the object 
within the visual range of the vehicle after its detection, 
considering Fig. 2 and 3, three main cases are defined, which 
are: 
 
• Object on the left side. 
• Object on the right side. 
• Object in the center. 
 
 When the position object is detected, the angle of 
rotation of the vehicle is calculated for guarantee the correct 
evasion of the object and thus avoid a possible collision. It is 
achieved by implementing the defined cases, if it is 
necessary for the vehicle to turn to the right or to the left, for 
which the following spatial relationships are considered: 
 
Turn Right: As shown in Fig. 4, the angle of rotation θA is 
calculated, following Eq. 3 to 6. 

 
Fig. 4. Graphic definition for turn right. 
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𝑥C = 180 − 𝑦,        (3) 
 
𝑦C = 160 − 𝑥F        (4) 
 
𝜃 = tanK, LMN

ON
P       (5) 

 
𝜃Q = 90 − 	𝜃       (6) 
 
 Where, the values (x1, y1) and (x2, y2), represent the 
initial and final coordinates (respectively) of the identified 
RoI, θ is the angle that is formed between the upper right 
point of RoI and the middle vertical of the scene and 𝜃Q is 
the resulting angle of the object of study which guarantees 
the vehicle's turn. 
 
Turn Left: As shown in Fig. 5, the angle of rotation 𝜃Q is 
calculated, following Eq. 7 to 10. 

 
Fig. 5. Graphic definition for turn left. 

 
𝑥C = 180 − 𝑦,        (7) 
 
𝑦C = 𝑥, − 160        (8) 
 
𝜃 = tanK, LMN

ON
P        (9) 

 
𝜃Q = 90 − 	𝜃      (10) 
 
 Where, the values (x1, y1) and (x2, y2), represent the 
initial and final coordinates (respectively) of the identified 
RoI, θ is the angle that is formed between the upper left 
point of RoI and the middle vertical of the scene and 𝜃Q is 
the resulting angle of the object of study which guarantees 
the vehicle's turn. 
 

Object in the center: Starting from the representation for 
objects in the center, as shown in Fig. 6, it is chosen to use a 
vehicle stop function, this in order to avoid a possible 
collision, since it is not possible to determine whether the 
object is in the current vehicle lane or not, due to geometric 
similarities or changes in perspective of the object. 

 
Fig. 6. Graphic for center object position definition. 
 
Spline function: Considered the properties of the splines [8] 
[9], the Smoothing-spline technique [14] was selected, 
which when plotting the cubic spline curve. Starting from 
the mathematical definition represented in equation (11) 
[14], where "p" is the smoothing parameter, "w" are the 
specific weights and "x" and "y" the Cartesian components 
of the original trajectory function, a unit value is selected for 
the parameter p (p = 1), this passes through all data sets 
while preserving the original comportment of the trajectory 
to the maximum, which makes it the best choice among the 
object different Spline techniques for the desired application. 
 

𝑝∑ 𝑤V(𝑦V − 𝑠(𝑥V))F + (1 − 𝑝) ∫L
Z[\
ZO[
P
F
𝑑𝑥V    (11) 

 
Trajectory vector: When the angle of rotation has been 
determined for lane change, a trajectory vector of 4 points is 
estimated. This trajectory is going to load to the Spline 
function for the 2 case studies. It is then, that when 
considering the comportment of the Smoothing-Spline 
technique, which generates a smoothing on a function, 
starting from vertices or study points, it establishes a linear 
trajectory formed by points of study in vertices (see Figs 7-a 
and 8-a), which would not represent a change at the moment 
of generating the "smoothing", it is necessary to generate a 
trajectory with points of study close to the desired vertices 
(see Figs 7-b and 8-b) on which the Spline function can be 
applied (see Figs. 7-c and 8-c). 

 

   
a. b. c. 

Fig. 7. a) Original linear trajectory. b) Fixed 4-point trajectory. c) Spline trajectory. (Turn-to-right case). 
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a. b. c. 

Fig. 8. a) Original linear trajectory. b) Fixed 4-point trajectory. c) Spline trajectory. (Turn-to-left case). 
 
 
3. Results and Discussions 

 
Each of the two scenarios was validated for the ten states, 
verifying the application of the Spline and obtaining the 
results shown in Tab. 2, referring to the trajectory vectors. 
Finding that, for both cases, when the vehicle reaches the 
final position in both scenarios, the same output trajectory 
vector is obtained in its component in Y. Once the scenario 
and the reference point (vehicle to evade) must be identified, 
the trajectory is generated as illustrated in Fig. 9, with this 
vector it is possible to generate the "smoothing" on said 
route (see Fig. 10). 

 
Fig. 9. Graphic user interface for trajectory planning with Splines in 
Matlab. 
 
It is necessary to take into account that in cases when the 
vehicle maintains its position in constant x, Spline function 
will not be generated, since it would be applied on a straight 
line, which is not a valid case. As can be seen in Tab. 2, after 
completing the trajectory by indicating to the system the 
desired final points (x4), it achieves completed a final 
position with regard a vector whose component "x" has the 
same value in each of the points. However, the output vector 
in its component "y" varies in increasing direction as the 
vehicle continues to advance, until reaching a stable state 
with difference 0, between the current position value and the 
desired reference defined by its component in "x" for the 
lane change. 
 Due to the complexity of the problem in dynamic terms 
because of the large number of variables involved, it is based 
on a static exploration which allows initial validations, 

taking into account the position as the main variable of study 
of the desired trajectory, that is why the design parameters of 
Table 2 are selected as initial points. 
 

 

 
Fig. 10. Graphic user interface for trajectory planning with Splines in 
Matlab. 
 
Table 2. Trajectory vectors for 2 cases. 
 To right To left 
  p1 p2 p3 p4 p1 p2 p3 p4 
x1 1.6 2.4 4 4.8 4.8 4 2.4 1.6 
y1 0 2.5227 6.568 9.0906 0 3.8592 10.5775 14.4367 
x2 2.1 2.775 4.125 4.8 4.1 3.475 2.225 1.6 
y2 0 2.4519 6.3557 8.8077 0 3.436 9.308 12.744 
x3 2.8 3.3 4.3 4.8 3.5 3.025 2.075 1.6 
y3 0 2.2919 5.8756 8.1675 0 3.372 9.1161 12.4881 
x4 3.3 3.675 4.425 4.8 3.2 2.8 2 1.6 
y4 0 1.987 4.961 6.948 0 3.4397 9.319 12.7587 
x5 3.9 4.125 4.575 4.8 3.1 2.725 1.975 1.6 
y5 0 1.512 3.5359 5.0479 0 4.0088 11.0264 15.0353 
x6 4.2 4.35 4.65 4.8 2.8 2.5 1.9 1.6 
y6 0 1.3998 3.1995 4.5993 0 4.3484 12.0452 16.3936 
x7 4.4 4.5 4.7 4.8 2.4 2.2 1.8 1.6 
y7 0 1.1046 2.3139 3.4185 0 4.5442 12.6325 17.1767 
x8 4.6 4.65 4.75 4.8 2.1 1.975 1.725 1.6 
y8 0 0.7945 1.3835 2.1779 0 3.0276 8.0828 11.1104 
x9 4.7 4.725 4.775 4.8 1.7 1.675 1.625 1.6 
y9 0 0.6543 0.9628 1.6171 0 1.6628 3.9883 5.6511 
x10 4.8 4.8 4.8 4.8 1.6 1.6 1.6 1.6 
y10 0 0.5 0.5 1 0 0.5 0.5 1 
 
4. Conclusions 

 
It was possible to validate the Smoothing-spline function, 
with respect to the inclusion of its Smoothing parameter (p = 
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1) when controlling the level of "smoothing" on an input 
function, in this case, the trajectory vector makes this 
technique a viable option for adjusting the displacement for 
lane change in autonomous or semi-assisted driving systems. 
 For trajectory planning processes in autonomous 
vehicles, it is necessary to implement sensorics or additional 
methods, which provide more information to the system 
regarding both the state of the "world" and the relationship 
between the vehicle and the "world". This can be observed 
with the fact of requiring to know the proximity of the object 
of study for the decision making of the vehicle, since only 
with the detection or identification of the object is not 
enough, since a very large object that is at a great distance 
can present a RoI with the same dimensions and position as 
a small object at a short distance. 
 Finally, for future work, it is suggested to have or 
provide parameter information such as relative positions of 
the vehicle with respect to its environment to generate a 

better approximation of the trajectory function or know 
additional variables such as the speed or relative acceleration 
of both the vehicle and the object of study to achieve a 
function of dynamic trajectory closer to reality. 
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