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Abstract

Delamination fracture in three dimensional functionally graded multilayered beams loaded by bending moments and
axial forces was analyzed. The beams can have an arbitrary number of layers of different thicknesses and material
properties. In each layer, the material is functionally graded in the width, thickness and length directions. A delamination
crack is located arbitrary along the height of the beam cross-section. Linear-elastic behaviour of the material was
assumed. The bending moments and axial forces in the beam cross-sections ahead and behind the crack front were used
to obtain a closed form analytical solution for the strain energy release rate which was applied to investigate the fracture
in the functionally graded multilayered End Loaded Split (ELS) beam configuration. The strain energy release rate in the
ELS was analyzed also by considering the beam strain energy for verification. Parametric studies were carried-out to
evaluate the effect of material gradient and crack location on the fracture
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1. Introduction

Functionally graded materials have been used extensively in
various  engineering  applications in  aeronautics,
microelectronics, thermal protective systems, optics and
biomechanics for the last thirty years [1], [2], [3], [4], [5],
[6]. Functionally graded materials are novel composites
whose composition changes continuously within the solid. In
this way, concentrations of stresses between different
constituent materials are avoided in contrast to layered
composites [7], [8], [9]. By variation of their properties with
specific gradients along spatial coordinates, functionally
graded materials can be designed to satisfy different
requirements in different parts of a member. The
functionality and reliability of structural members and
components made of these novel materials are strongly
influenced by their fracture behaviour. Therefore, various
fracture analyses of functionally graded materials and
structures have been performed by many researchers around
the world [10], [11], [12], [13], [14], [15]. Although
significant efforts have been devoted to study fracture of
these materials, still there are problems which have not been
analyzed sufficiently. One of these problems is the
delamination in three-dimensional functionally graded
multilayered structural members and components.

Therefore, the main goal of this paper was to analyze the
delamination fracture in three-dimensional functionally
graded multilayered beams loaded by bending moments and
axial forces. The fracture was analyzed in terms of the strain
energy release rate assuming linear-elastic behaviour of the
material. The common solution derived was used to obtain
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the strain energy release rate in the functionally graded
multilayered ELS beam. The dependences of strain energy
release rate on the material gradient and crack location were
evaluated.

2. Determination of the strain energy release rate

Linear-elastic functionally graded multilayered beam
configurations with a delamination crack located arbitrarily
between were studied. The beams are loaded by bending
moments and axial forces. A perfect adhesion between
layers was assumed. A beam portion with the delamination
crack front is shown schematically in Fig. 1. The beam

width at the delamination level is b, . The beam height is 2.

The lower and upper crack arm thicknesses are 4 and 4, ,

respectively. The beam cross-section is symmetric with
respect to the z-axis. The beam is built up by n horizontal
layers. In each layer, the material is functionally graded in
length, width and thickness directions. Thus, the modulus of

elasticity in the i-th layer, E, is a function of x, y and z, i.e.

E=E (x,y,z) ,where i=1,2,...,n.
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Fig. 1. Beam portion with the delamination crack front (/ — front
position before the increase of crack, 2 - front position after the increase
of crack).
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The dealamination was analyzed in terms of the strain
energy release rate by using methods of linear-elastic
fracture mechanics. In order to derive the strain energy

release rate, a small increase, A4 , of the crack area was

assumed (the external load was kept constant). The strain
energy release rate, G, for linear-elastic materials can be
expressed as [16]

AU
G=——, 1
AL (D
where
A4 =bAa. )

In Eq. 1, AU is the change of strain energy that can be
written as

AU=U,-U,, 3)

where U, and U, are the strain energies before and after

the increase of crack area, respectively. By combining of
Egs. 1,2 and 3, G can be written as

bAa @

Eq. 4 was used to obtain the strain energy release rate in the
present paper.

2h

Fig. 2. Beam cross-section, 7K, before the increase of crack.

The beam cross-section before the crack increase is
shown in Fig. 2. The strain energy before the crack increase
was written as

U, =Aai=2n [fuy,d4, .

=l (4,)

®)

where A, is the are of i-th layer. The strain energy density,

u,, , in the i-th layer was expressed as

112

(6)

The stress distribution in the i-th layer was obtained by
the Hooke’s law

o.=Eg¢, (7)
where ¢ is the strain distribution.
It was assumed that in the i-th layer £, , E, and E,

are the values of modulus of elasticity in points H,, O, and

R, , respectively (Fig. 2). The present analysis was carried-
out assuming linear variation of the modulus of elasticity,
E., along the width and thickness of each layer. Therefore,
the distribution of modulus of elasticity in the i-th layer was
E_  and

expressed in a function of y, and z; through E, , E,

ER, by using the following equation [17] of a plane that

passes via three points of coordinates (Eu, s Vs » Zan, ),

(EQ’ ’y3QiaZ3Q’ ) and(ERiayg,Ri ’Z3R,.):

E y, oz 1

3

EH, Vi, s, 1
=0,i=12,...,n
EQl Vi Zao, 1

ER, Vir Zag 1

®)

E 0

since they vary continuously along the beam length.

The strain distribution was analyzed assuming validity of
the Bernoulli’s hypothesis for plane sections, since the span
to height ratio of beams considered is large. It should be
mentioned that the Bernoulli’s hypothesis has been
frequently used in fracture studies of functionally graded
materials [13, 14]. Concerning the application of Bernoulli’s
hypothesis in the present paper, it can also be noted that due
to the fact that the multilayered functionally graded beam is
under a combination of bending moments and an axial force
(Fig. 2), only the longitudinal strain, x € , is non-zero. Thus,
the small strain compatibility equations indicate that, & is
distributed linearly in beam cross-section. Therefore, the

It should be noted that E

i and E, are functions of x,

strain, €, was expressed in a function of y, and z, by using

the strains, ¢,, €, and ¢, in points 7, D and K. For this

purpose, the following equation of a plane [17] that passes

though points, (&,,¥,,,2,), (€,,¥,5,2;,) and
(&, Vyx » 23 )» Was applied:

€y, z 1

gTy3TZST 1=0 (9)

£D y3D Z3D 1

SK y3K Z}K 1
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The strains, €,, £, and ¢, , can be determined from the

D
following equations for equilibrium of the beam cross-
sections (Fig. 2):

N=§ffal.dAi,

(10)
i=1 (4,)
My=§ffaizsdl4i, (11)
i=1 (4,)
MZ:nL [0.5,d4, . (12)

i=l (4,

where N, M and M are the axial force and the bending
moments for y, and z, axes, respectively (Fig. 2). The
stress, 0, in Egs. 10, 11 and 12 can be expressed by using

the Hooke’s law Eq.7, where the moduli of elasticity, £,

and the strain, & are determined by Egs. 8 and 9,
respectively. Then Egs. 10, 11 and 12 have to be solved with

respect to 7, r, and r, for a particular form of the beam

cross-section. The results of strain analysis can be applied to
calculate the strain energy density that is used to determine

the strain energy, U, .
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Fig. 3. Beam cross-section, 7K, after the increase of crack.

The strain energy, U, , after the crack increase was

found as

U,=U, +U,, (13)

where anU_ d U, are the strain energies in the lower and
. )

upper crack arm, respectively. The geometry and loading of
cross-section of crack arms after the increase of crack are
shown schematically in Fig. 3. The lower and upper crack

arm thicknesses are A, and #k,, respectively. The number of
layers in the lower and upper crack arm are n, and n,,

respectively. The strain energy in the lower crack arm was
written as

113

i=n;

U, =hay [[u,dd,,

=l (4y)

(14

where u,. and A,, are the strain energy density and the area

of i-th layer of lower crack arm. The strain distribution, €, in
the lower crack arm was analyzed by Eq. 9. For this purpose,

v, and z, were replaced with y, and z , respectively (the
axes y, and z, are shown in Fig. 3). Also, £, and ¢, were

replaced with £ and €, , respectively. The strains, £

D’
¢, and ¢, were determined from Egs. 10, 11 and 12. For

this purpose, N, MV, M_,n, y,, z, and A were replaced

z,

with N, M.v.’ M Y 2 and A, , respectively.
The strain energy, U, , in the upper crack arm was

written as

i=ny;

Uaz = Aaz ff Uy, dA,,

=l (dy)

(15)

where u, and 4, are, respectively, the strain energy
density and the area of i-th layer of upper crack arm (Fig. 3).
Also, y, and z, were replaced, respectively, with y, and

Z

in Eq. 9. Besides, ¢

b were replaced,

and &,
respectively, with ¢, and ¢, . In order to determine ¢ ,
2 2 2

802

and ¢, Egs. 10, 11 and 12 were modified by replacing
of N, M_V, M_,n, y,, z, and 4 with N,, M

s
2

M,
%

n and 4, , respectively. The following

U’ y2 > ZZ
equilibrium equations of beam cross-section (Fig. 2 and Fig.
3):

N,=N-N, (16)
M"z = My _MVI +N(hcz _hcx)_Nl(hCz _hcl) ’ (17)
M =M-M (18)

were used in order to express bending moments, A and
V2
M_ , and the axial force, N,, in the upper crack arm in
2

functions of MV, M_,N and M , M_and N,.

By substituting of Egs. 5, 13, 14 and 15 in Eq. 4, we
derived

i=n; n

E ffu01idALi+I§ fquZidAUi_E fquidAi (19)

G=L

bs =l (4y) il (Ay) =l (4)

By Eq. 19, one can calculate the strain energy release
rate for delamination cracks in multilayered functionally
graded beams by analyzing the strain energy in the beam
cross-sections ahead and behind the crack front only.
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3. Analysis of the strain energy release rate in the
multilayered functionally graded ELS beam

The strain energy release rate in the multilayered
functionally graded ELS beam shown in Fig. 4 was analyzed
by applying Eq. 19. There is a delamination crack of length,
a, located arbitrary along the beam height. The lower and

upper crack arm thicknesses are % and A, , respectively.
The beam has a rectangular cross-section of width, b, and
height, 24. The beam length is /. The external loading
consists of a bending moment, M , applied at the free end
of lower crack arm (Fig. 4). Thus, the upper crack arm is
free of stresses. The beam is clamped in section, B. In each

layer, the modulus of elasticity varies linearly along the
width and thickness of layer. It was assumed also that the

moduli of elasticity EHI , EQ’ and ER, in points H,, Q, and

R, in the i-th layer (Fig. 5) vary along the beam length

according to the following bi-quadratic laws:

E, -E
Hy; Hy 4
EH = EHn’ + 14 X, (20)
E -E
28 Q) 4
EQ1=EQ():+ Iz X (21)
E, -FE
— Ry Roi 4
ERi_ERo,+ Iz X, (22)
where,
i=1,2,..,n, (23)
O=sx=</ (24)
S S S /
/
n| f
% 3
p - Hy; zi)
h E\
2
L layer n v
b b .
p—2 2

Fig. 4. The functionally graded multilayered ELS beam configuration.

In Egs. 20,21 and 22 E E

u,» Ep, and E, are the moduli of

elasticity in points, H,, Q,, and R, respectively (Fig. 5).
The moduli of elasticity in points, H,, @, and R, are
E E

u,» Eo, and ER“,respectlvely.

A
Fig. 5. Notations in the i-th layer of the ELS beam.

First, the strain energy density in the beam cross-section,
TDK, ahead of the crack front was analyzed (Fig. 6). The

distribution of modulus of elasticity, E,, in the i-th layer

was obtained by using Eq. 8. For this purpose, by
substituting of

Yoy ==b/2, z,, =z

3, = %0 Vag,

=b/2, z,,=z,, y,,=b/2

30,

and Zyg =Z in Eq. 8, we derived

3i+l

Ei=q1iy3+q2i23+q3i’ (25)
where
EH, (231 - Z3i+l)+ EQf (Zam - Z%i)
q,= 5 s (26)
(Zsm _23,)
E -E
g, =——=, 27)
23T %y
EH, (ZSi+l T3 ) + EQ‘. (Zsm + Z}z) ZERlZ3i
gy = 7 , (28)
(Z3i+1 - 31’)
i=1,2,...n. (29)
In Egs. 26,27 and 28 E,, , EQ and E, are calculated,

respectively, by Egs. 20,21 and 22 at x=a .
The strain, €, in the beam cross-section, TDK, was
expressed by Eq. 9. For this purpose (Fig. 6),

Vy=-bl2,z, =-h, y,,=b/2,z, =h, y, =b/2 and

z, =h (30)
were substituted in Eq. 9. In this way, we obtained
E=rY,+r,z, 47, (€20

where
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Fig. 6. The un-cracked beam portion ahead of the crack front.

In order to determine the quantities, 7, 7, and r,, the

equilibrium Eqs 10, 11 and 12, were re-written as

i=n Zyy

f f o, dy, |dz, , (35)
i=1 z3; b
2
b
i=n  Z,| 2
[|[ozady,|d,, (36)
z. b
"\
b
i=n Za| 2
M, =Y [|[oydy,|d,, 37)
’ i=l oz | b
where (Fig. 6)
N=0, (38)
M, =M, (39)
M_=0. (40)

By substituting of Eqgs. 7, 25 and 31 in Egs. 35, 36 and
37, we obtained

i=n 3
N=IEI|: 9,1 lb_z(zyﬂ ) 9,7 21;( ;M Z;l.)+

q}ir2§(zii+l_Zii)+q2ir3§(z32i+l _Z32i)+ > (41)

ety =2r) ]

S o

AR . (42)

(
i o 3 b 2 _ 2
q,,1; 3 (23[+1 ) q;,75 2( 3itl Z3i) :|

i=n 3 3
le = [ %" 34( 321+1 —z;)+q3ir] %(23141 _Z3")+
+4q,7, 2b_4(z32i+1 _Z3zi)+ - 43

»
qhzlz( 3;+1_Z3[) }

The MatLab software can be used to solve Eqs. 41, 42

and 43 with respect to 7, », and #,. Then », r, and 7, can

be substituted in Eq. 31 to obtain the strain distribution in
the cross-section of the beam ahead of the crack front.

At E, = E, = E, =E from Egs. 31, 41,42 and 43, we
derived

_3M, ”

T

It should be noted that Eq. 44 is exact match of the
formula for strain distribution in a homogeneous beam of
rectangular cross-section, bx2h, loaded in bending by a

moment, M, [18].
The strain energy densities in the layers ahead of the

crack front can be derived by substituting of Egs. 7, 25 and
31 in Eq. 6.

The analysis of strain energy densities, u, ., in the layers

of lower crack arm cross-section, S§,D K, behind the crack

front (Fig. 7) was carried-out in the following manner. Eqs.
25 and 31 were used to determine the modulus of elasticity

and strain distribution, respectively. For this purpose, y,,

z,, r,r,r, z., z. and n were replaced, respectively,

32 12 722 "3 3i 2 3i+l
in Egs. 25, 31,

41, 42 and 43. Then the strain energy densities were
calculated as

with y,, z Vy s Vyy 20y 2

12 ]L’ 2L2 "3L° T’ Tli+l and nL

uy =20, (45)

where the stress was determined by the Hooke’s law.
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Fig. 7. The lower crack arm cross-section behind the crack front.
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2
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) }

Eq. 48 determines the strain energy release rate in the
multilayered functionally graded ELS beam configuration

By  substituting of n=n,=1, h=h and
Eu, = EQ,» = ER, =E in Eq. 48, we derived
21Mj 49)
4ER

which is exact match of the formula for strain energy release
rate when the ELS beam is homogeneous and the
delamination crack is located in the beam mid-plane [16].
An additional analysis of the strain energy release rate in
the multilayered functionally graded ELS beam was
performed for verification. For this purpose, the fact [19]
that for linear-clastic materials the strain energy release rate
can obtained by differentiating the beam strain energy, U

>

with respect to the crack area, 4 , was used

dU
= 50
i (50)

where

116

3i+l

The strain energy density in the upper crack arm is zero.
Thus, in view of the fact that for the ELS beam

by=b (46)

Eq. 19 was re-written as

b

EL Ajrj‘umldyldz E ffuoldy dz,

2

(47)

By substituting of u,, and u,, in Eq. 47, we obtained

2 2
Z1i1 _Z]i)+

—z32i)+
(48)
dA, = bda . (51)
In Eq. 51, da is an elementary increase of the crack

length. By combining of Egs. 50 and 51, we obtained

dUu

=== (52
bda )
The multilayered functionally graded ELS beam strain
energy was derived by integration of the strain energy
densities in the lower crack arm (the upper crack is free of
stresses) and in the un-cracked beam portion

b
i=n 20l 2 (a
U= f fuoudx dy, [dz, +
i=l z, | _b\ 0O
2
i=n Zy;y,

(53)

4
}(j‘uo[dx)dy3 dz,

where x-axis is shown in Fig. 4. After substituting the strain

energy densities, u,,. and u,,, in Eq. 53 and performing the
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differentiation in Eq. 52, we obtained strain energy release
rate that is exact match of Eq. 48. This fact verifies the strain
energy release rate analysis developed in the present paper.
It should be noted that G was calculated relatively simply by
using Eq. 52 for the multilayered functionally graded ELS
beam configuration in Fig. 4. However, for more
complicated structures and loading conditions Eq. 19 has
decisive advantages over Eq. 52. For instance, by applying
Eq. 19, one can obtain the strain energy release rate by
determining the strain energy in the beam cross-sections
ahead and behind the crack front only in contrast to Eq. 52
which requires analysis of the whole structure.

The dependences of delamination fracture behaviour of
the three-dimensional functionally graded multilayered ELS
beam configuration on the material gradient were elucidated.
For this purpose, calculations of the strain energy release
rate were carried-out by using Eq. 48. In order to get specific
results, two three-layered ELS beams were analyzed. In the
beam in Fig. 8a, the delamination crack is located between
layers 2 and 3. The delamination crack in the configuration
in Fig. 8b is between layers 1 and 2. In both configurations,

the layer thickness is ¢, (Fig. 8). In the calculations, it was
assumed that 7, =0.002 m, 5#=0.02 m and M =10 Nm. The
strain energy release rate was obtained in dimensionless

form by using the formula, G, =G/(ERU b). The strain

energy release as a function of E, /E, ratio for the two
01

03

three-layered ELS configurations at F o /E R = 0.5,
EHm/ERm=2, ER”/ERDI=2, EQ“/EQM—z,
E, |E, =2, E, /E, =2, E, 1E, =1,
EHOZ/EROZ=O'5’ ERIZ/ER02=2, Ele/EQm:z’
E, |E, =2, E, |E, =2, E, /E, =1,

03

ERD/ERUS =2, EQB/EQM =2, EHB/EHM =2 and a/l=0.5
is shown in Fig. 9. It should be noted that ERU was kept

constant in the calculations. Thus, £, was varied in order

03

to generate various £, /E, ratios. The diagrams in Fig. 9
01

03

show that the strain energy release rate decreases with
increasing of E, /E, ratio (this behaviour is due to the
03 o1

increase of beam stiffness). One can also observe in Fig. 9
that when the crack is located between layers 2 and 3, the
strain energy release rate is higher in comparison with the
case when the crack is between layers 1 and 2. This finding
was attributed to the fact that the lower crack arm is thicker
when the crack is between layers 1 and 2 (the upper crack
arm is free of stresses).

The dependence of strain energy release rate on the
length of the crack was elucidated too. The ELS beam in
Fig. 8b was considered. The crack length was characterized
by a/l ratio. The strain energy release rate in dimensionless

form as a function of a// ratio for three £, /E, ratios at
01

02

E, | E, =05, E, /E, =2, E, |E, =2,
EQH / EQOI = 2 ’ EIIH 1101 = 2 ’ EQL\Z / ERUZ = 1 ’
E, |E, =05, E, |E_=2, E, |E, =2,

117

E E /E

(2 R

EQ” /EQM =2

=2

E, IE, =2, /E

Ros Ry
ERH /ERM =2,

0.5,

>

E

H and

JE, =1,
Euu /E”m =2 was presented in Fig. 10. Fig. 10 shows that

increase of @/l ratio leads to decrease of the strain energy
release (this can be explained by the fact that the modulus of
elasticity in the beam cross-section in which the crack front
is located increases with increasing of the crack length, since
the modulus of elasticity in the beam clamped end are higher
than in the beam free end). Also, it can be observed in Fig.
10 that the strain energy release rate decreases when

E, /E, (this behaviour should be

ratio increases

attributed to the increase of beam stiffness).

a)

layer 1 Crac k
[

N

layer 2 / !

c, M,

layer 3 =——>—>

b b
2 2y

(/ / // //

///
y
/ :
J
|
.

layer 1

N
N

o]

NNNNNNN

layer 2

N

laver 3

R R

Fig. 8. Two three-layered ELS beam configurations.

1.2

0.9

G 108

Erb

0.3

Ep,

Fig. 9. The strain energy release rate in dimensionless form presented as
a function of E, /E, ratio (curve I — for crack between layers 2 and
03 !

3, curve 2 - for crack between layers / and 2 (refer to Fig. 8)).
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w \ | \
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a
/

Fig. 10. The strain energy release rate in dimensionless form presented

as a function of @/ ratio at three E, /E, ratios.
02 01

4. Conclusions

Delamination fracture in three-dimensional functionally
graded multilayered linear-elastic beam configurations
loaded by bending moments and axial forces was studied.
An analytical solution to the strain energy release rate was
obtained. Beam cross-sections with one axis of symmetry
were analyzed. The delamination crack can be located
arbitrary between layers. The solution derived is valid for
beams with any number of layers of different thicknesses
and material properties. The material is functionally graded

in width, thickness and length directions. Linear variation of
the modulus of elasticity in width and thickness directions
was assumed. Along the layer length, the modulus of
elasticity can vary arbitrary. The bending moments and axial
forces in the beam cross-sections ahead and behind the crack
front were used to calculate the strain energy release rate.
The solution derived was used to investigate delamination
fracture in the three-dimensional functionally graded ELS
beam. A quadratic law was adopted to describe the
distribution of modulus of elasticity in beam length
direction. Specific results were obtained for two three-
layered ELS beam configurations. The analysis indicated

that increase of £, /E, and E, /E, ratios lead to

03 02
decrease of the strain energy release rate. Also, it was found
that increase of the crack length leads to decrease of the
strain energy release rate when the moduli of elasticity in the
beam clamped end are higher than in the beam free end.
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